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1. Introduction 

The purpose of this article is to define the radiation fields on asymptotically hyperbolic manifolds and to 
use them to study scattering theory. The radiation fields on R" and on asymptotically Euclidean manifolds 
were introduced by F.G. Friedlander in a series of papers starting in the early 1960's |1U[ 1111 [T^ 1131 114| . 
His program of using the radiation fields to obtain the scattering matrix in that general setting was 
completed in |48| . Here we carry out the analogous construction on asymptotically hyperbolic manifolds. 
After defining the radiation fields, we use them to give a unitary translation representation of the wave 
group and to obtain the scattering matrix for such manifolds. As an application, we use them to study 
the inverse problem of determining the manifold and the metric from the scattering matrix at all energies. 

Asymptotically hyperbolic manifolds are smooth compact manifolds with boundary equipped with a 
complete metric that resembles the hyperbolic space near the boundary. The basic examples of such 
manifolds are the hyperbolic space and its quotients by certain discrete group actions, see |48j . but any 
C°° compact manifold with boundary can be equipped with such a metric. 

There is a history of interest in scattering theory for this class of manifolds, motivated by several 
problems of mathematics and physics, which goes back to the work of Fadeev and Pavlov P", followed 
by Lax and Phillips |36[ I37| . and later by several people, see for example pi Bl 1 ^ I28L I39L [43. 45 and 
references cited there. More recently there has been interest in this class of manifolds in connection to 
conformal field theory, see El E] and references cited there. 

Mazzeo, Mazzeo and Melrose [331001031 ^^st studied the spectral and scattering theory of the Laplacian 
in this general setting and gave a thorough description of the resolvent and its meromorphic continuation. 
Their methods have been applied in [HI El El 1201 |2H| to study the scattering matrix starting from a 
careful understanding of the structure of the solutions to the Schrodinger equation on a neighborhood of 
infinity. 

We will develop the scattering theory for this class of manifolds using a dynamical approach in the 
style of Lax and Phillips [351[3S1|27I, but we do this by following Friedlander [TUl El [12 113 HI ■ 

We define the forward radiation field for asymptotically hyperbolic manifolds as the limit, as times 
goes to infinity, of the forward fundamental solution of the wave operator along certain light rays. The 
backward radiation field is defined by reversing the time direction. These are generalizations of the Lax- 
Phillips transform |33[I36| to this class of manifolds. We will show that this leads to a unitary translation 
representation of the wave group and a dynamical definition of the scattering matrix as in j35| . 

In section [HI we establish the connection of the radiation fields and the Poisson operator, which in 
this context is also called the Eisenstein function. This is then used to show that the stationary (via 
Schrodinger's equation) and the dynamical (via radiation fields) definitions of the scattering matrix are 
equivalent. 
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To show the existence of the radiation fields, we adapt the techniques of [l'6l [Tl] to this setting. To 
connect the radiation fields, the Poisson operator and the scattering matrix, we use the construction of 
the resolvent of the Laplacian due to Mazzeo and Melrose 021 and the construction of the Eisenstein 
function from the resolvent from |2()l |2H1 • 

In section|21 as an example, we compute the forward radiation field for the three dimensional hyperbolic 
space and show that it is given by the Lax-Phillips transform, which is based on the horocyclic Radon 
transform. The case on is treated in |34| . 

In section |7| we prove a precise support theorem - in the terminology of Helgason |23[ - for the 
radiation fields. Theorem 17.11 below generalizes to this setting a theorem of Lax-Phillips, Theorem 3.13 
of 36 , see also j^, obtained for the horocyclic Radon transform. Helgason |23 proved this result for 
compactly supported functions, but in more general symmetric spaces. Theorem lT.ll below extends this to 
asymptotically hyperbolic manifolds, where the horocyclic Radon transform is replaced by the radiation 
field. This can be thought of as a result in control theory which, roughly speaking, says that the support 
of a function is controlled by the support of its radiation field. 

Radon type transforms are often used to study properties of solutions of hyperbolic equation, but here 
we use the equation to study support properties of the radiation field. This allows the use of uniqueness 
theorems for partial differential equations to establish support properties of these transforms. The main 
ingredients of the proof of the support theorem are Hormander's uniqueness theorem for the Cauchy 
problem, see Theorem 28.3.4 of j2f)] . and two of its refinements, one due to Alinhac ^ and another one 
which is due to Tataru |49j . The study of support properties of Radon transforms is a topic of interest 
in its own, see for example [JHl OH] and references cited there. 

In section 121 we use the characterization of the scattering matrix through the radiation fields and the 
boundary control method of Belishev see also |51 1291150) . and the book by Katchalov, Kurylev and 
Lassas |31| . to study the inverse problem of determining the manifold and the metric from the scattering 
matrix at all energies. We prove that the scattering matrix of an asymptotically hyperbolic manifold 
determines the manifold and the metric up to invariants. 



2. Asymptotically Hyperbolic Manifolds and Radiation Fields 
A smooth compact manifold X with boundary, dX, is called asymptotically hyperbolic, see |43j . when 

o 

it is equipped with a Riemannian metric g, which is smooth in the interior of X, denoted by X, and is 
such that for a smooth defining function x of dX, that is x > in the interior of AT, x = on dX and 
da; 7^ at dX, 

(2.1) x^g = H, 

is a smooth Riemannian metric on X non-degenerate up to dX. Furthermore we assume that 

\dx\H = 1 at dX. 

It can be shown, see |39l I43| . that under these assumptions, the sectional curvature approaches —1 at 

dx. 

Observe that g determines x and H only up to a positive factor. Hence g induces a conformal structure 
at dX. 

Throughout this paper, X denotes a n + 1 dimensional smooth compact manifold with boundary, and 
n > 1. g will be a Riemannian metric on X satisfying (|2.1|l and A will denote the (positive) Laplace 
operator with respect to the metric g. 
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As stated in 01], see j^H] for a proof in this general setting, fixed a defining function x of dX^ then for 

o 

all / e C°"{dX) and A G R, A 7^ 0, there exists a unique u € C°°(x) satisfying 
(2.2) (A-A^--). = OinX, 

This leads to the stationary definition of the scattering matrix at energy A ^ 0, see for example 
I2niEHllll!, as the operator 

^(A) : C°^(dX) — > C°°(dX) 
J I — > J-\dx- 

As pointed out in 01], the expansion H2.2|) gives two parametrizations, corresponding to ±A, of the 
generalized eigenspace of A — ^i- with eigenvalue A by distributions on dX. The scattering matrix is the 
operator that intertwines them. 

Notice that if 5* is a diffeomorphism of X, fixing x and dx on dX, then the scattering matrix will 
be invariant under the pull back of the metric by Moreover, this definition of the scattering matrix 
depends on the choice of the function x. It can be invariantly defined as acting on appropriate bundles, 
see for example |2H]. 

It is shown in and ^B] , that if g satisfies (|2.1|l , and fixed a representative /iq of the conformal class 
of g at dX, there exists e > and a unique product structure X ^ [0; ^ clX in which 

(2.4) g=_H — , ha = h{0,y,dy). 

We will fix such a decomposition, and from now on x G C°°{X) will be as in (|2.4|) . This is equivalent 
to fixing a conformal representative of x'^glox- We will also work with the ^(A) defined by H2.3I) where x 
is given by H2.4|l . 

Here, as in |13[ I14|. we will use the wave equation to define the radiation fields and arrive at an 
equivalent definition of the scattering matrix. 
We will prove 

o o 

Theorem 2.1. For /i,/2 G C^{x), compactly supported in the interior of X, let u{t,z) G C°°(R+x X) 
satisfy 

( Df - A + — ^ u(t, z) = 0, on Ml x X, 

(2.5) V 4 y ^ ' ^ + 

u(0,z)-/i(z), Dtu{0,z)^ f2{z). 

Let z = {x,y) G (0, e) x dX he local coordinates near dX in which H2.4f) hold. Then there exist Wk G 
C°°(R X dX), such that 



X ^ u{s - \ogx,x,y) ^ y^^Wk{s,y)x''. 



fc=0 

Clearly Wk{s, y) depends on the choice of x, and we make no attempt to define a bundle where it would 
be invariant. We refer the reader to Lemma 2.2 of for the relationship between two functions that 
satisfy (|2.4|l corresponding to two different conformal representatives. 

Theorem 12 . II defines a map 

7^+ : (X) X (1) ^ (M X dX) 
(2-6) _„ 

T^+{f){s,y) = X 2 Dtu{s - logx,x,y)\x=o = DsWo{s,y), 
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which will be called the forward radiation field. 

o 

Similarly one can prove that if u_ satisfies (|2.5|) in R_ x X then 

lim x^^u^{s + logx, X, y) = W-{s, y) 
exists, and thus define the backward radiation field 

^2 n- : (1) X (1) C^iRxdX) 

T^-{f){s,y) = x^^u^{s + \ogx,x,y)\x=o = DsW-{s,y). 

Finally we remark that, since the Lorentzian metric associated to g is 

dx^ h(x,y,dy) , s , x h(x,y,dy) 
a = dt^ ^ ^ ' = d(t - log x)d(t + log x) ^ ' , ^' , 

X^ X'^ X'' 

the surfaces 

{t-loga; = C}, {t + logx = C} 

are characteristic for the wave operator, and thus a point {t',z'), z' = {x',y'), has a past domain of 
dependence, A~{t',z') satisfying 

(2.8) A-{t',z') C {{t,x,y) : t -logx >t' -\ogx', t + logx < t' + logx'}. 

3. The Three Dimensional Space with Constant Negative Curvature 
In this section, as an example, we study the particular case of the hyperbolic space 

dx'^ Uy|2 

(3.1) = {{x, y) : y eR^, X eR, x > 0}, with the metric g = — + 

x^ x^ 

In this case the radiation fields can be explicitly computed. The formulaj obtained in see also |22j. 
can be used in the same way to compute the radiation fields in H". This is done in j34j . 

For convenience, we will work in the non-compact model, which does not quite fit the framework of 
section^ but it is isometric to the compact model given by the interior of the ball with Poincare's metric 
X = B3 - {z e M3 . < 1} and g = 

For z e H'^, let S'(z, t) denote the set of points in whose geodesic distance to z is t. Let A(t) be the 
area of <5'(z, i), which is independent of z. Given / G C^(IHI'^), supported in the interior of H^, let 

be the mean of / over the sphere ^(z, t). 

According to |22[ 15^ , the solution to (|2.5|) with /i = and /2 = / is given by 

(3.2) u(t, z) = {sinht)M{f, t, z). 
Therefore, the forward fundamental solution is, for i > 0, 

U{t,z,z')=''^5{t-d{z'^z)), 

where the distance is given by 

(3.3) coshd(z, z') = ^'"^^'"^^j^"^''' . 

Then the sphere in the hyperbolic metric centered at (x, y) with radius t corresponds to the Euclidean 
sphere with center (a; cosh i, y) and radius a;sinht. We find that A{t) = 47rsinh^ t, and hence 

U{t,z,z') = ^-^^5{t-d{z,z')). 
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But lima;_^o a;sinh(s — logx) — lima-^g a;cosh(s — log a;) = So the Schwartz kernel of TZ^ is 

,y] ,z 
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(3.4) n,is,y,z') = lnnx-|t/(.-log.,z,z') = §- (^5 (| 

where de denotes the distance in the Euclidean metric. 

So, for / G C^(1HI'^), one obtains TZ+f{s,y) by integrating / over the surface of the Euclidean sphere 
with center {^,y) and radius with respect to the measure induced by the metric g. This sphere is 
tangent to {x = 0} at (0, y) and the integration of / on those spheres is known as the horocyclic Radon 
transform, see for example [551. The transformation given by H3.4|l is called the Lax-Phillips transform, 
see [23. 

4. The Proof of Theorem 12. II 

In this section we work with the forward radiation field and wc will drop the index ± from the notation. 
We will also denote 
(4.1) 

n 

h{x,y,dy) — hij{x,y)dyidyj, \h\ = det(/iij) , and h^^ = (/i*"') , the inverse of the matrix hij. 

Proof. Without loss of generality, we may assume that fi — and that /2 is compactly supported in 
{x > xq}, with xq small enough. Hence u{t, x, y) e C°°(M x (0, e) x dX) satisfies 

(d1 - a + ^\ u(t, X, y) = 0, 

(4.2) V 4 y ^ ' ' 

""(0, X, y) = 0, Aw(0, X, y) = f{x, y). 

Here we are considering the solution in i e R, and in this case the solution u is odd in t. Moreover H2.8|l 
and the finite speed of propagation guarantee that for x small, 

(4.3) u = if logx — logxo < t < logaiQ — logx, x < xq < e. 
We will show that 

(4.4) v{s,x,y) ^ x^~u{s — logx, x,y) 
is smooth up to a: = 0. We denote 

P = x'^-i ( Df - A + ^ I x* 



4 

and substitute t — s ~ logx. Then using 14.21) . we find 

did \ d d Ti 

Pv{s, x, y) = 0, in M X (0, e) X M, P= — [2—+x—)+ xAh + A— + Ax— + -A 
(^4.5) ox \ OS ox J OS ox 2 

v{logx,x,y) = 0, Dsv{logx,x,y) = x^^ f{x,y) 
Here A/j is the Laplacian on dX associated with the metric h{x,y,dy), which in local coordinates is 

Equation (|4.3|l implies 

(4.6) V = for 2 logx — logxo < s < logxo, x < xq < e. 

The operator P is not strictly hyperbolic at x = 0, so the argument of Friedlander ^1], which is based 
on a theorem of Leray, cannot be used directly. We will refine the method of jl3| and obtain energy 
estimates which hold uniformly up to {x = 0}. 
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It is worth observing that if the tensor h{x,y,dy) is an even function of x, then after setting r — x'^ , 
the operator r~^P is smooth and strictly hyperbolic. So Friedlander's method can be applied directly. 
Such metrics have been recently studied by Guillarmou in 17 and include the case where the metric has 
constant curvature near dX, see In the general case this trick does not work because the resulting 
operator would not be smooth at r = 0. 

In section 13 we will need to understand the behavior of the forward radiation field as s — ^ —oo, so 
we will compactify the problem and obtain uniform estimates as s — > — oo. So we make the change of 
variables 

(4.7) s = 21ogt', x^x't'. 

This choice of coordinates is designed to do two things: first it transforms the operator ^ (2^ + 
into -^-§[i, and secondly it compactifies the half-line (— oo,0]. Thus let 

V{x\t\y) = v{2\ogt\x't\y) = [x't'y'^u {\og ,x't',y 

Then V is smooth in t' > Q, x' > and, as u is odd in t, V{x' , t' , y) = —V{t', x' , y). Moreover for 

P'V = 0, x' > 0, t' > 0, 
^^■^^ V{x', x\ y) = 0, ^V{x', x', y) = -x'-''-' f{x'\y). 

Here A/j is the Laplacian with respect to the metric h{x't',y,dy) which in local coordinates is = 

^:^i:..4(iMa.'^',.)iu^^(.'t',,)4). 

The support properties of v given in H4.6() translate into 

(4.9) V{x',t',y) = if x'<^, t'<^. 

The coefficients of P' are smooth up to {x' = 0} U {t' = 0} and therefore can be extended smoothly, 
although not uniquely, to a neighborhood {|a;'| < U {\t'\ < y^}. To obtain the desired regularity 

of V we will differentiate the equation (|4.8|) and obtain energy estimates for the resulting system of 
differential equations. We begin by proving 

Lemma 4.1. For T > 0, letn ^ [0, T] x [0, T] x dX. Let V{x', t' , y) be a N x 1 vector, smooth in x' > 0, 
t' > 0, satisfying the system 

x't'A.) V + x't'B (x', t':y,^)v + C{x', t', y)t'^ + D{x' , t' , y)x'^ + 

(4.10) E{x',t',y)V ^0 in x' > 0, t' > and 

dV 
dx 



dV 

V{x',x',y) ^ fi{x',y), —{x\x,y)^f2{x,y), x > Q, 



where B ^x', t' , y, is an N x N matrix of first order differential operators having derivatives in y only, 
C, D and E are N x N matrices of functions. Moreover B,C, D and E are smooth in \x'\ < T, \t'\ < T, 
y G dX. If the data fi and fi are such that 

(4.11) r f (x'\fi\^ + x'^\Vyfi\^)Vh{x'\y)dx'dy<^, C ( x'\f2?Vh{x'\y)dx' dy < 

Jo JdX ^ ' Jo JdX 
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Figure 1. The regions ftxi,T and ilg. 



to- 



where |Vj,/i|^ = J^j l^y/ij Pj then for T small 



(4.12) 



\V\' + x't'{x' + t')\yyV\^ +x' 



dV 



dx' 



+ t' 



dV 



dt' 



Vh{x't' ,y)dydx'dt' < 



C{T) / (x'\h? + x'\h\^ +x'^\yyh\^){x\y)Vh{x'\y)dydx\ 



where \VyVf =j:^\WyV,\\ 

Proof. We begin by multiplying the system H4.10|l by x' ^ — t'^. Notice that the operator x'-^ 
is ^ written in these coordinates. We obtain 



1 



d 



(4.13) 



2Vh{x't',y) dt' 
1 d 





dV 




dx' 





dV 


[(' 




dt' 



+ t'\'\VyV\''j Vh{x't',y) 
+ t'x'^\VyV\A Vhix't',y) 



2y/h{x't',y) dx' 

V- / ,c f f idVk ,dVk\ , ,A ^f.r ,dV ,dV , ,dV\ 



Here 5h is the divergence operator in the y variable, dual to dh with respect to the metric h{x't',y), and 
Q is a quadratic form with smooth coefficients. 
Let 



ns = [S, T] X [S, T] X dX, nj = {{x', t', y) G Vts] t' > x'}, and 
^a,b = {{x, t', y)en, a<x' <t' < 6}, 



see figure n 
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Integrating 14.1311 in flxi,T, using the compactness of dX, the divergence theorem, and that the part 
of the first term in (|4.13|) which is inside the brackets is positive, we have 



(4.14) 



T 

XI JdX 



t' 



dV 



dt' 



+ t'x'^\\JyV\'^\{xi,t\y)Vh{xit\y)dydt'+ / Q Vh{x't' ,y)dydx'dt' 



< 



2x' 



XI JdX 



dV 



dx' 



+ 2x'^ \VyV\^ {x', x',y)Vh{x'^, y)dydx' . 



Proceeding similarly in the region ^s,to gives 



(4.15) 





dV 


f'l V 


dx' 


Is JdX \ 






< 


H 







x't'^\WyV\'^]{x',to,y)Vh{x'to,y)dydt'+ j Q Vh{x't' ,y)dydx'dt' 



2x' 



+ 2x'^ l^yVfj (x', x', y)Vh{x''^,y)dydx'. 
Next we integrate (|4.14ll in .ti e [S,T] and (|4.15() in to G [S,T] and add the results to get 



2./0+ 



V't'it' + x')\VyV\^ +X' 



dV 



dx' 



+ t' 



dV 



dt' 



(x', i', y)Vh{x't', y)dydx'dt'+ 



(4.16) 



QVh{x't',y)dydx'dt'dxi + / QVh{x't' ,y)dydx'dt'dto < 
's Jn^i.T Js Jns,ta 



(T-S) I I \x' 

18 JdX 



dV 



dx' 



\VyVn ix',x\y)Vhix'\y)dydx'. 



With the exception of terms of Q containing products involving Vj, all the others in the two middle 
terms of H4.1f)|l are trivially bounded by the terms in the first integral. To analyze the terms containing 
Vj, we will bound the integral of in fl'^ . So we write for t' > x' , 

V,{x', t', y) = V,{t', t', y) - ^(s, t' , y) ds. 
The Cauchy-Schwartz inequality then gives 

(4.17) mx\t\y)\^ < 2\V,{t',t\y)f + 2{t'-x') 

Hence, as Vh is bounded from above and below, there exists C > such that 

\Vj{x',t',y)\^Vh{x't',y) dydx'dt' 



dV^ 
ds 



's,t,y) 



ds. 



■T nt' 



Ci / t'\V,it',t',y)\^Vhit'\y)dydt' + 

\J6 JdX JS JS JdX Jx' 



\Vj{x',t',y)\^Vh{x't',y) dydx'dt' < 

S JS JdX 
'T rt' c rt' 

\/h{st' ,y)ds dydx'dt' 



t' 



^(M',y) 



Switching the order of integration of y, x' and s in the last integral, and using that t' < T, gives 
\V{x',t',y)\^Vh,{x't',y) dydx'dt' <C ( f t'\Vj{t' ,t' ,y)\^Vh-{t'^ ,y) dydt'+ 



(4.18) 



CT I s 

-1+ 



^is,t,y) 



Vli{st', y) dydsdt'. 
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Hence 



T 

s Jn 



QVh{x't', y) 



dydx'dt'dxi 



T 

"5 '^^s,ta 



QVh,{xt' , y) 



dydx' dt' dto < 



C{T - 5) 





1 


dV 


2 


dV 


Lt 


X 


dx' 


+ t' 


dt' 





+ {x't'f\VyV,\ 



Vh{x't',y)dydx'dt'- 



C{T-S) f f x'\V\^{x',x',y)Vh{x'^,y)dydx'. 

Js JdX 



IS JdX 

After taking the limit as (5 ^ 0, we find that there exists K > such that, for sniaU T 



(4.19) 



f2+ 



x't'{t' + x')\VyVf + x' 



dV 



dx' 



+ t' 



dV 



dt' 



Vh{xt\y)dydxdt' < 



KT 



T 

JdX 



dV 



dx' 



x'^ \WyV\^ {x', x', y)Vh{x'\ y)dydx'. 



This does not quite give H4.12|l . as the term in \V\'^ is not yet included on the left hand side of the 
inequality. However, taking 5 — > in (|4.18|l . substituting it in (|4.19l) . and choosing T small enough, we 
obtain 



(4.20) 



n+ 



K 



\V\'' + x't'{t' ^x')\^yV\'' +x' 



dV 



dx' 



+ t' 



dV 



dt' 



Vh{x't', y)dydx'dt' < 



■^'\V\^+x' 



JdX 



dV 



dx' 



x'^ \VyV\^ (x', x', y)Vh{x'\y)dydx'. 



As the operator in (|4.10() and the estimate (|4.20() remain of the same type after switching x' and t', this 
estimate also holds in the region below the diagonal. This ends the proof of the Lemma. □ 

Now we apply the Lemma 1^1 to prove Theorem 12. II The goal is to prove that for f(x,y) smooth and 
compactly supported, the solution to (|4.2|l is smooth up to {a; = 0}. We know from (|4.6() that the change 
of variables H4.7|l are smooth on the support of v, and we work in coordinates {x' , t'). We will show that 
V{x', t', y) is smooth up to {x' 0} U {f = 0}. 

We first apply Lemma to the special case of equation H4.8|l . noticing that in this case y is a single 
function instead of a vector. The data on the surface {x' = <'} is given by 1)4. 8|l . so the integral on the 
right hand side of (|4.12() is equal to 



2 

L^ixy 



2x'\x " ^ f{x'^ ,y)\'^Vh{x''^ ,y)dydx' 

/O JdX 

Thus the right hand side of H4.12|l is bounded by the square of the norm of / in L^{X,dvo\g) and 



\fi,,y)fVh{x,y)^< 

JdX X 



\V\^ +x't'{x' + t')\\/yV\'' + x' 



dV 



dx' 



+ t' 



dV 



dt' 



Vh(x't',y)dydx'dt' < C\\f\\ 



LHX) 



Now we want to obtain such energy estimates for the derivatives of V . We begin by analyzing the 
derivatives of V in the y variables and thus we differentiate equation (|4.8|) with respect to y. We get a 
system of equations of the form 



QV = 
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where V is a (n + 1) x 1 vector whose transpose is 

oyi oyn 

and Q is a matrix of second order operators with principal part 



22 = 



d_d_ 



't'Ah Id 



l(n+l)x(n+l)i 



and lower order terms as in in H4.10|l . So we conclude that 



/ 



\V\'' + x't'{x' + t')\WyV\^ + x' 



dV 



dx' 



+ t' 



dV 



dt' 



Vhix't', y)dydx'dt' < 



C\ 



1^(X) + ll^y/llL2(X) 



Using this argument repeatedly we conclude that 



(4.21) 



E 

\a\<k 



dy 



V 



d_ f d_ 

dx' \dy 



V 



+ t' 



d f d 



dt' \dy 



V 



Vh{x't',y)dydx'dt' 



< 



|a|<fc+l ^ ^ 



Next we use the equation to obtain information about the derivatives of V with respect to x' and t' . 
It is convenient to get rid of the first order terms in H4.8I) . and we do that by conjugating the operator 
with the factor \h{x't' ,y)\^i . Setting 

(4.22) W{x',t',y) = \h\-^Vix',t',y), 
then W satisfies 

(4.23) (^^1^ + x't'Ah + x't'B{x't', y, ^) + Cix't', y)^ W ^ 0, 

where _B is a first order operator and C is a smooth function. Since \h\ is smooth and positive, V and W 
have the same regularity given by (|4.2HI . Moreover W is also supported in {x' > ^/xq} U {f > y/xo}. 
We have shown in llOT|l that t'^^^W £ L^{n) for any a. In particular if $1+ = il D {t' > x'}, 

dt' dy 

We deduce from (|OT|l and that 



t'^ ^-§^W e L^{n+). In view of the support of W we have ^-^W £ L^{n+). 



(4.24) 



.dy 

Writing, for t' > x' 



we see that, for t' > x' , 



< 



2{t'^x') I 

J x' 



d d f d 
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Integrating this in using that -^^W {x' , x' , y) is smooth with compact support, and H4.24|l . we 
find that 

(4.25) 

So and show that 

Using the symmetry of W with respect to the diagonal, we in fact have 

Differentiating (|4.23() first with respect to y and then with respect to x' or t' we find that 

dt'^ dx' \dy) 
with -F)3,m and Gp^m smooth. Thus 



^ ^ m— 0,1 ^ ^ 







J dt'^ dx' \dy) ^ ' 



dx''^dt' \dy 
Proceeding as above, we find that 



92 d'^ f dY d d f d 



dx'^\dyj ' dt''^\dyj """" dx' dt' \dy 

Using the symmetry of W with respect to the diagonal we get that in fact 

dx'^ydy) dt'^ydy) dx' dt' \dy ) ^ ' 

This argument can be repeated for all derivatives with respect to x' and t' and we conclude that W, 
and hence V, is smooth in [0,r] x [0,T] x dX for T small. Any interval [0,r'] can be covered by small 
intervals in which the method above can be applied. So in fact this shows that the solution is smooth in 
[0, T] X [0, T] X dX for any T. 

Since V is supported in {x' > ^/xa} U {t' > Yeq} and the change of coordinates (|4.7|) is smooth 
in this region, this shows that v has a smooth extension up to {x = 0}. This concludes the proof of 
Theorem O □ 

5. The Radiation Fields And The Scattering Matrix 

The spectrum of the Laplacian (t(A) was studied by Mazzeo and Mazzeo and Melrose ISHlEniESlj see 
also section 3 of J^l for a discussion. It consists of a finite pure point spectrum (Tpp(A), which is the set 
of L'^(X) eigenvalues, and an absolutely continuous spectrum (Tac(A) satisfying 

(5.1) (Tac(A)= — '«^)' and CTpp(A)c(0,- 

This gives a decomposition 

L'{X)=LlJX)®Ll{X), 
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where Lpp(X) is the finite dimensional space spanned by the eigenfunctions and L'^^(X) is the space of 
absolute continuity, which is the orthogonal complement of Lpp(X). 

With this choice of the spectral parameter, ^ + A^, we have that if ^ 0, then ^ + A^ ^ [^,00), 
while if QA < — ^ it follows that ^ + A^ ^ [0, 00). The eigenvalues of A are of finite multiplicity and are 
described by points on the line 3fJA = and — f < 3A < 0. As the Laplacian is a non-negative operator, 
the spectral theorem gives that the resolvent 

(5.2) +iA) = f A - — - aM -.L^iX) — > L'^{X), provided SA < --. 

It was shown in 031 that it can be meromorphically continued to C \ as an operator acting on 
appropriate spaces. 



Let 



HsiX) - {(/i,/2) : /i, /2 e L^X), and dfi G L^{X)}. 



For wq, e C(^'{X), we define the energy of w = [wq, wi) by 
(5.3) Mll^U (\dwo\l~^\wof + M'] rfvol 



2JxV 4 



9' 



where jdwolg denotes the length of the co- vector with respect to the metric induced by g on T*X. But 
1 1 will; is only positive when wq is in the space of absolute continuity of A, and only then it defines a 
norm. We denote 

T'ac : L'{X) LliX) 

the corresponding projector. Let 

Eax:{X) = T'ac {He{X)) = Range of the projector "Pac acting on He{X). 

-E'ac(^) is a Hilbert space equipped with the norm H5.3|l . 

One can use integration by parts to prove that if u(t, z) satisfies (|2.5|l . then 

||(u(i,.),Au(i,»))||B - ||(u(0,.),Aii(0,.))||£. 

Since W{t) commutes with Va,c this gives, by for example slightly modifying the proof of Proposition 2.24 
of JJ,, that the map W{t) defined by 

(5 4) W{t) : (1) X (1) (1) x (1) 

W{t){h,f2) = {u{t,z),Dtu{t,z)), <eK 
induces a strongly continuous group of unitary operators. 

W{t):EUX)-^EUX), ieM. 
By changing t ^ t — t, one has that TZ± satisfy 

(5.5) n±o{W{T)f)is,y)=n±f{s + T,y), r e M. 

So Theorem 12.11 shows that TZ± are "twisted" translation representations of the group W{t). That is, 
if one sets 'R-±{f){s,y) = 'R-±f{—s,y), then 

(5.6) TI^{W{t)) = TrU^, 

where Tr denotes right translation by t in the s variable. So TZ± are translation representers in the sense 
of Lax and Phillips. Moreover we will prove 
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Theorem 5.1. The maps TZ± induce isometries 

where i^(R x dX) is defined with respect to Hq fixed in (12.41) . 
We deduce from Theorem 15 . II that the scattering operator 



S : L^{M. X dX) — > L^{M. x dX) 
S = 7^+ o7^I^ 



is unitary in L^{dX x M), and in view of H5.6|l . it commutes with translations. This imphes that the 
Schwartz kernel S{s,y,s',y') of 5 satisfies 



and thus is a convolution operator. The scattering matrix is defined by conjugating S with the partial 
Fourier transform in the s variable 



^ is a unitary operator in L^(dX x R) and, since S acts as a convolution in the variable s, A is & 
multiplication in the variable A, i.e. it satisfies 



We will prove that the stationary and dynamical definitions of the scattering matrix are equivalent: 

Theorem 5.2. With x given by (|2.4|l and A 7^ 0, the Schwartz kernel of the map A{\) defined by (|2.3|) . 
is equal to A{X,y,y'), defined in (|5.8() . 

To prove Theorem 15. f I and Theorem 15.21 we will use the connection between the wave equation, the 
resolvent, and the Eisenstein function from B51 143| . 

6. The Radiation Fields and the Eisenstein Function 
The following is an important fact concerning the behavior of the solution to the wave equation: 

Proposition 6.1. Let f — (/i,/2) G He{X) and let u{t, z) be the solution to (|2.5() with initial data f. 
There exists C = C{f) > such that 



Sis,y,s',y') = 5(s - s',y,y') , 



A = TST 



— 1 



(5.8) 




(6.1) 




t > 0. 



Proof. In view of (|5.1|l we can write 




where (fi^ is an eigenfunction associated with an eigenvalue (7^ = ^ + A^ G (0, ^) and gj is the projection 
of/, onto LUX). 



We then have that 




where Uac is the solution to H2.5() with data g — (51,52)- 
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As 

/ Hp' ( 71^ \ ^ / Tl^ 

u^c{t,z) = costW — .91+ (A-— j sintW A - — 52, 

it follows that 



V^cu{t,z) = cost\l A - —V^ch + I A- — 1 sintyA - —V^cf2 = Uac(i,2)- 



In this case the energy 



X 



|52(;2)|' + \^y9l{z)? - —\gi{z)? ) dvolg(z) - i?o > 0, 



and in particular this gives 



Since > QAfc > — f , the other part of the solution obviously satisfies \'o.l\ and this proves the proposi- 
tion. □ 

Next we present an elementary and useful Lemma. The proof we gave of this result in the first version 
of this paper was incorrect. One of the referees pointed out the mistake and kindly provided us with the 
proof we present. 

Lemma 6.2. LetTL he an infinite dimensional Hilbert space, let H be a subspace ofTL of finite dimension 
and let be the orthogonal to H. If E G TC is a dense subspace ofH, then E n ^ 0, and E n 
is dense in H^. 



Proof. We begin with the case dimi? = 1 and we will prove that (^EHH^) = H. It is easy to see 
that H C {En H^)^ . To prove that {E D 
fi, f2e E such that (/j , 0) 7^ 0, j = 1, 2. Then 



that H d {En H-L)^ . To prove that {E n i?^)^ d H wc \ct H ^ span{0}, ^ 0. As E is dense, pick 



f^f2-\^f,eEnH\ 

Thus, if u e (£' n iJ^)^ , then (w, /) = 0. But this can be rewritten as 

(/2,^i- ^7^0) =0, for all ^ with (/2,</.)^0 

Since E is dense, this in fact holds for every /a and thus u = Therefore {E n H^)^ C H. 

The general case follows by induction. Suppose the result is true for dim H — N—1 and let dim H — N. 
Then 

H = Hm-i®D, i/jv-i = spanj^i, 0jv-i} and I? = spanj^jv}, ((/)i,0j)=O, l<i,j<N. 

As proved above, Ei — E is dense in Hi — D^. By assumption the result holds in dimension 
— 1, so £'1 n i?jv-i dense in the orthogonal to H^-i in , which is the orthogonal to in Ti. 
As El n = EC] H^, Er\H^ is dense in in H. 

□ 



The most important consequence of this is 
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Corollary 6.3. For Ll^{X) defined as above, Cg^{X) H Ll^{X) is dense in Ll^{X). 
Now we are ready to prove the first mapping property of TZ+ . 

o 

Proposition 6.4. Let u he the solution to (|2.5() with data f ~ (/i,/2) G C^(x) n Es,c(X). Then 
n+f{s,y) e L2(R X dX) and 

m+f\\mR>.dx)<m\\E. 

Proof. We modify tlie proof of Lemma 2.6 of ^Sl- Let u be tlie solution of H2.5|l with initial data equal 
to /. For i, T > fixed, consider the integral 

2 



Eta 



du 

'at 



{x,y,t) 



dvoln 



' {z = {x,y)eX; t+logx<T} 

For t + log a; < T, it follows that a; — > as t — > oo. So, for t large, we may work in local coordinates 
where (|2.4|) holds. First we prove that 

hm 

' -oo JdX 



(6.2) 

To see this we set 



lim Er.t^f I |7^+/|' dvoU„ ds, VTe 

J-oo JdX 

u{t,x,y) = x'^vit + logx,x,y), 



and since s = t + logx, we have || = As ds = it follows that dvolg = VW(^'2/)^Itt = 

Y^|7i[(e'-''~*-', y)e"'*~*'' ds dy. Since the initial data is compactly supported, there exists so such that v — 
for s < So- Thus 

2 



Eta 



f! 


dv 


1 so -IdX 


ds 



(e^-*,y,s)^|/i|(e(«-*),y) dy ds. 



From Theorem 12 . 1 1 the convergence is uniform and thus we obtain 



lim Et t — 

t — *C30 ' 



T 

-oo JdX 



dv 
ds 



(0,s,2/) 



Vl^l(0,y) dsdy = / / |7^+/(s,2/)|' dvol^,, ds < ^ VTe 

J-oo JdX 



For any (/i,0) G Ea_c{X), (M/ilg ~ xl-^il^) ^^'^^g > 0- Thus the result follows by conservation of 



energy. □ 
In view of CoroUarv 16 . 31 this can be restated as 

Corollary 6.5. The maps TZ± defined in ((TBI) and ((221) extend from iCg"{x) x Cg^iX)) n E^c{X) by 
continuity to maps 

n± : E^^{X) — >L^{V.y. dX). 

The estimate (16. 1|) shows that we can take partial Fourier-Laplace transform with respect to t of the 
forward fundamental solution of the wave equation U{t, z, z') and thus, for < — ^, we denote 

.2X -1 



R{-+iX] = [ A- y - — 



= / U{t,z,z')e 



dt 



It is easy to see that if u(t, z) satisfies (|2.5|) then V{t, z) ~ H{t)u{t, z) satisfies 



A' - A + — V{t, z) = if2{z)S{t) + tfi{z)DtS{t), on Rx X 



V{t, 0) = for i < 0, 
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and lim^^o 2; DsV{s ~ \ogx,x,y) — lim^^o x 2 Dgu{s — \ogx,x,y). 
So, 

(6.3) R{^+i\){i.f2 + iXh)= j^V{t,z)e-'^'dt, with f = {f,, h) E {X) and < 

In fact, if / = (/i, /2) G C§°{X) n £'ac(-^), conservation of (positive) energy gives that H6.3|l holds for 
3A < 0. Using local coordinates z — {x,y) near dX, we are interested in \mi^^QX~'i DsV{s — loga;,x,?/). 
From (|6.3|l we obtain, for 3A < -|, 



(6.4) 



/ x-'i D,V{s - log x,y)e-'^'ds^ [ x'^ DtV{t,x,y)e-'^*~'^^°^''dt 
Jr Jr 

^Ai?(^+zA) (i/2 + a/i)(a;,y). 



Next we study the behavior of the Schwartz kernel 
(6.5) a:;""T"'^i? Q +iA, z,z'^ , z ^ {x,y), z'^{x',y'), 3A < as a; j 0. 

Mazzeo and Melrose show in 031 that + iX) has a meromorphic continuation from 3A < — to 
C \ We briefly recall their construction and use it to study 1)6. 5|l . 

Locally, in the interior of X x X, and for 3A << 0, + iX) is pseudo-differential operator, so its 
kernel is singular at the diagonal 

D = {{x, y, x', y') e X X X;x = x',y = y'}. 

To understand the behavior of the kernel of i?(^ + iX) up to 

Dox ^ Dn{dX X dX), 

and for other values of A, Mazzeo and Melrose blow-up the intersection Dqx- This can be done in an 
invariant way, but in local coordinates this can be seen as introduction of polar coordinates around Dqx ■ 
Taking coordinates (a;, y) and (a;', y') in a product decomposition of each copy of X near dX, the "polar 
coordinates' are then given by 

R r 2 , /2 , I ,,2,1 X , x' y - y' 

(6-6) R^[x +x +|2/-y|]^ P = ^""^ 

A function is smooth in the space X Xq^ if it is smooth in {R, p, p', y, oj) about Dgx- As a set, X XqX 
is X X X with Dgx replaced by the interior pointing portion of its normal bundle. Let 

P -.X XoX — > X X X 

denote the blow-down map. 

The function i? is a defining function for a new face, which is called the front face, //. This is the lift 
of Dgx = Do {dX X dX) . The functions p and p' are then defining functions for the other two boundary 
faces which are called the top face T, and bottom face respectively, i.e. 

// = {i? = 0}, B^{p' = Q], r={p = 0}. 

See Figure [21 which is taken from section 3 of 031 ■ In X x X the lift of the diagonal oi X x X only 
meets the boundary // and is disjoint from the other two boundary faces. 

The main result from 03] needed here is that the lift of the kernel of the resolvent satisfies 

Tl Tl tl 

(6.7) /3*i?(- + iX) = ^1(2 + + ^2(2 + *A), 
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Figure 2 . The blown up manifold X Xq X. 

where i?i is conormal of order —2 to the lifted diagonal, Dq, and smooth up to the front face, and, most 
importantly for our purposes, vanishes to infinite order at the top and bottom faces. The second part, 
i?2, is of the form 

(6.8) p^+'^p'^^'^Fi^+i\,.), 

where F{^+iX, •) e C°° {X Xq X) is meromorphic in A e C\ |N, and holomorphic and in A G QA < — f ■ 
Now we use the construction above to verify that x' ^ ^^R{^ + i\, z, z')\^x:=o} is well defined. This 

is carried out in Proposition 4.1 of [2H|j and we briefly describe it. 

We first look at the lift of x^^~^^R{^ + iX, z, z') under the blow-down map /3. Recalling that x — Rp, 

we deduce from (I6.7|l and Hfci.8|) . and the fact that -Ri(§ + iX) vanishes to infinite order at the top and 

bottom faces, that 

P* + *A, z, z')) |p=o - (Rp)-^-'' + a) + i?2(| + *A)) |p.o - 

(^R-^-^^p'^+^^F^q + zA, p, p', R, cj)) |p.o 

Since f2(§ + iX, •) is smooth, the restriction of p^^^^F2 to p = is well defined. 

Notice that the composition of the restriction to p = with the blow-down map (3 gives a map 

Pi-.dXXf^X — >dXx X, 

where dX Xq X denotes the manifold dX x X with the submanifold {x' = 0,y = y' = 0} blown- up. By 
an abuse of notation we continue to use R and p' to denote the restrictions of the corresponding functions 
to p = 0. In other words we consider 

u r '2 , I '|2ii f y-y' 

R=[x p= — 



R R 

Therefore (|6.9f) above gives a well defined distribution on the manifold dX Xq X, namely 

F - R-^^p'^+'^F2C^ + zA, p, p', R, u;)l=o 

By switching the variables x and x' in the proof of Proposition 4.1 of j^Hl it can be shown that the push 
forward of F to dX x X under the map /3i is well defined. In view of H6.7() and H6.8|l this is essentially 
the same thing we want to do here. Therefore the restriction x~'i^'''^R{^ + iX, z, z')\x=o is well defined 
and we shall denote it by 

(6.10) EC^ + iX,y,z')''^' x~^-'^R{q + iX,z,z'%^o = P^^F, A e C. 

It is clear from (I6.8|l that i?(^ -f iX,y,z') has a conormal singularity at {a;' = 0, y = y'}. This is the 
transpose of the Eisenstein function, or Poisson operator, see for example [THll^l^ . 
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This defines a meromorphic family of operators 

eC^ + iX) ■■ (x) {dX) 

(6.11) r 

\ / HIT} 7 

E{-+iX)f{y)^ j^E{-+tX,y,z')f{z')dYo\g{z'), A e C \ -N. 

So we conclude from H6.10|l and (|6.3(l that 



(6-12) ^X j^Ei'^+zX,y,z'){Mz') + Xhiz')) dvolgiz'), 

11 

3A<--if /i,/2 e C'o"(X), and < if fi, f2 e (X) n E,,{X). 

In view of (|6.11() the right hand side of this equation has a meromorphic continuation to C \ ^N, so the 
left hand side can be meromorphically continued to C \ |N. 

Recall from (jHS that 7^+(/l, /2) G ^^(R x 9X) if (/i, /2) G Sac(^)- Thus the left hand side of f^T^ 
is well defined when 9A = for such initial data. We want to understand the extension of the right hand 
side for this type of data, and we proceed as in ^| . An application of Green's identity, see for example 
the proof of Proposition 2.1 of ^Sj, gives 

(6.13) R{-+iX,z,z')- R{--i\z,z') = -2iX / E{- + iX,y, z)E{- ~ iX,y, z') dYo\h,{y), 

provided ^^iX are not poles of the resolvent i?(», 2, z'). 

On the other hand, by using (|6.13|l and Stone's formula, see the proof of Proposition 2.2 of ^HIi we 
deduce that the map 

E ■ Co°°(l) — > C°^{dX X M+) 
^J^Ei'^+ zA, y, z'^iz') dY0\g{z'), X > 

induces a surjective isometry of the space of absolute continuity of the Laplacian 

(6.14) E : Ll^{X) — > (M+; {dX) , A^dA) . 
Moreover it is an spectral representation in the sense that 

(6.15) EA^ (^^ + X''^E. 

A similar analysis can be carried out for the backward radiation field. We know that 
R(^!l.a)^(^A-X^-^^ ' ^ jjj_(t,z,z')e-^^'dt, 3A>^, 

and hence 

^(7^-(/l,/2))(y,A) = zAi?(|-a) {h + Xh), 



(6.16) 

Now we are ready to prove Theorem 15 .11 



3A>- if (/o,/i)eCo°°(X), 3A>0 if (/o,/i)eCo°°(X)ni?ac(^). 
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Proof. Using l|t).14|l we observe that, for A G (0, cx)) and /, g G Ll^{X), 

2 



(6.17) 



LHX) - 



-{XE ± zA) /, A^ (I ± a) 5)l^(r+x9x). 



On the other hand, as + iA) = (f ^ when A e (0, oo), 

||£;Q + *a) (A/2 + AVi)lli2(Kxax) 



£; -+zA (A/2 + AVi)i? 77-*-^ (A/2 + A^/i) dAdvoU„ 



^ 77+«A (A/2 + A^/i)i? --a (A/2 + A^/i) dAdvoU,, 



--zA (-A/2 + A^/i)i? -+*A (-A/2 + A^/i) d\dYoh„ 



E 



Q+a)A/2 



e[\+i\) AVi 



dAd volj, 



Equation H6.17|l shows that 



But by if^T^ 



and thus 



i?(-+*A) A/2 



' dAdvoU„ = ^||/2|| 



X^E{'^+^X]h=E{'i + ^X][/:.-'-\h^ 



\e + iX) AVif dAdvoU,, = {XE + zA) h,XE + zA) (^A - /i)^. 
Again by l|nT7|) 



/: 



l/L2(]jx9X) 



(Ai?Q+zA)A,A£;Q+zA^ 
So we conchide that for (/i, /2) G £^ac(-'^), 



/l>L2(X) 



+ za) (A/2 - A2/i)lli.(Exax) = 2^ll(/i,/2)llL 



(^) 



Plancherel's theorem and Ht).12|l show that 7?.+ is norm preserving, and therefore its range is closed. It 
is clearly dense, otherwise there would be G i^(M x dX) orthogonal to the range of TZ, but by Ht).14|l . 
(/) = 0. This concludes the proof of Theorem l5.ll □ 

In view of equations H6.12|l and (|6.16|l . Theorem 15. 21 is equivalent to 

Proposition 6.6. For A G M, A 7^ 0, the scattering matrix is the unitary operator 

A{X) : L^idX) ^ L^idX) 

that satisfies 

(6.18) E[^+^x)=AiX)E{^-^x). 
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Proof. We need three things: equations Ijti.lOII . Ht).13|l . and the expansion for i? + iX, y, x' , y') as x' — > 0, 
which can be found in Propositions 4.1 and 4.2 of [2HI) i-e 

(6.19) e(^+ zX, y, x', y') = J-x'-'^6{y, y') + A{X){y, y') + o{x), as x' [ 0. 

V 2 / IiA liX 

Now multiplying H6.13|l by x'~^^ and applying l|f).l()(l and (|6.19(l . the result follows. 

This is a known argument and can be found for example in the proofs of Proposition 2.5 of [20) . or 
Corollary 2.6 of ^Sl? which deal with Riemann surfaces. Here we used the results of where needed. □ 



7. The support theorem 
The main goal of this section is to prove 

Theorem 7.1. /// G L\JyX) and TZ+{0, /)(s, y) is supported in s > sq, with sq << 0, then f is supported 
in {x > e""}. 

Theorem l7.1l is a "support theorem" in the terminology of Helgason [23 El and is a generalization of 
Theorem 3.13 of [21], which is Theorem lT.ll for the hyperbolic space H'^. Helgason |^|^ proved such a 
result for functions that are compactly supported, but for more general symmetric spaces. 

It is important to observe, as emphasized by Lax in |33j . that this theorem does not have an analogue 
in (asymptotically) Euclidean space. In that case the function / has to be rapidly decaying at infinity- 
see Theorem 2.6 and Remark 2.9 of which would correspond to infinite order of vanishing of / at 
X = 0. Here the only requirement is that / € L'l^{X). However, in coordinates (|2.4|l the distance along 
a geodesic that approaches dX perpendicularly is — log a:, so the requirement that / G L'^{X) already 
imposes an exponential of decay of / near the boundary. 

The first step in the proof of Theorem 17.11 is 

Lemma 7.2. /// G L'^^(X) and 7?.+ (0, /)(s, y) is supported in s > sq, then f is compactly supported. 

o 

Proof. Without loss of generality we may assume that / g C°°(x)- Indeed, we recall from equations 
1)6.12(1 and 1)6.15(1 that the Fourier transform in s of the forward radiation field is a spectral representation 

2 

of A — ^ . Then if T denotes the Fourier transform in the s variable then 

(7.1) q{X^)Tn+iO, /)(A, y) = Tn+ (^0, ^ (^A - , / e LUX), V q e 5(M). 

If G (75^(1$.), is an even function, which we choose to be supported in (— e, e), then its Fourier 
transform cf) is also an even function, and there exists a smooth function ipi G 5(M) such that 

(7.2) ${X)^M^')- 
Therefore by 1(7.1)1 

(7.3) (/)*7^+(0,/) -7^+ (^0,V^i 
As ^^;.*7e+(0,/) G L^iR X dX), k = 1,2,..., then 

2 \ / 2 



A-- ^WA--)/GL^(X). 
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2 / 2 \ O 

A — ^ is a standard elliptic operator in the interior of X, so ■01 — x ) / ^ C°°{X). Moreover, by 
elliptic regularity for totally characteristic operators, see Theorem 3.8 of |41j . 

(7.4) ixD,,xDy„...,xDyS^i(^^-^^ f ^L\X), aeN"+\ 

If e C^(K) is even, and 7^+(0, /)(s, y) = for s < sq, * 7^+(0, /)(s, y) = for s < sq - e. So from 
now on we will assume that /, instead of ■tpi (a - /, satisfies TT^ . Since the solution to the Cauchy 
problem is smooth for all (finite) times, the solution V to (|4.8|l is smooth in (0,T) x (0,r) x dX. We 
do not know a priori that V is smooth up to {x' = 0} U {t' = 0}. We proved in Theorem 12. II that this 

o 

is true if / G C'^{x), but here / is not yet known to be compactly supported and may be singular at 
{x' = i' = 0}. 

To illustrate our method, let us assume for a moment that V is smooth up to {x' = 0} U {t' — 0}. 
Using the equation, and that V{x',x',y) = 0, one can prove that if TZ+{0, f){s,y) = for s < so, 
then all derivatives of V vanish at {x' = 0} U {t' — 0}. Therefore we can extend V smoothly across 
{t' = 0} U {x' = 0} as F = 0. We then want to use a uniqueness theorem to conclude that ^ = near 
{x' = t' = 0}. In particular this will imply that /(x, y) — in a neighborhood of {x = 0} and we will be 
done. 

The operator P' in H4.8|l extends (although not uniquely) to a neighborhood of {x' — t' = 0}, however 
notice that the coefficients of the terms of (|4.8f) involving second order derivatives in y vanish to second 
order at x' ~ t' ~ 0, so Hormander's uniqueness theorem cannot be used to guarantee that V = Q near 
{<' = x' = 0}. The uniqueness theorem which deals with the Cauchy problem for second order operators 
with this type of degeneracy is due to Alinhac, Theorem 1.1.2 of Q]. Notice that, although P' is real, it 
is not of principal type at {x' = t' = 0}, so the result of Lerner and Robbiano, see [HHl or Theorem 28.4.3 
of jSE], cannot be applied either. 

The principal symbol of P' is 

(7.5) p = a2{P') ^ -iT - x't'h{x't' ,y,ij), ^a^Y, y, t?) = ^ /i^^"(a;Y, y),^,;/,, . 
If Hp denotes the Hamilton vector field of p and = x' + i', then 

(7.6) Hp = -T A - - x't'Hh + {t'h + x'f'h,)^ + {x'h + t'x'\,)^, 

where Hf^ denotes the Hamilton vector field of h in the variables y and rj only, and hi{x't' ,y,ri) denotes 
the derivative of h in the first variable. Hence 

^~{x' + t') [h{x't', y, Tj) + x't'hi {x'f, y, 77)] , 

Since h{0,y,ri) is non-degenerate, it follows that for x',t' small 

We can therefore apply Theorem 1.1.2 of 1 to P' and (with Ag = 0, and a = C = as in the statement 
of Theorem 1.1.2 of Q]) to guarantee that y = in a neighborhood of {x' = t' = 0}. See figure |21 In 

o 

particular this shows that f{x,y) = near x = 0, so / G C^{x), as we want to prove. 

We emphasize that the key reason this works is the fact that the extension of V would be supported 
in the wedge {x' > 0,t' > 0}, so the intersection of the support of V and {0 — 0} is compact, as required 
by Theorem 1.1.2 of 

The main difficulty to apply this method to prove Theorem 17. II is that V is not known to be smooth 
up to {x' = 0} U {t' = 0}, and Theorem 1.1.2 of P is proved for smooth functions. We have to show that 
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support o f V 



P'V=0 



V=0 



X 
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support of V 



V=0 



v=o 



X 



Figure 3. Unique continuation for V. P' is degenerate at x' = t' = 0, but V is supported 
in the wedge {x' > 0, t' > 0} 



our assumptions guarantee enough regularity of V to make AHnhac's argument work. Fortunately the 
operator P' in 1)4. 8|l is much simpler than the general case of 1 , and the necessary Carleman estimates 
are relatively simple to obtain. 

We will work with W, which is defined in (|4.22|) , instead of V. The advantage is that W satisfies (I4.23|) 
which has no first order derivatives in x' or t'. 

The proof is divided in two steps: 
Step 1: We will use that W{x\x\y) = 0, x' > 0, and 7^+(0, /) = 0, to show that W can be extended 
as a (distribution) solution to (|4.23|) in a neighborhood of {x' — t' — 0} vanishing when either a;' < or 
f < 0. 

Step 2: We use the method of proof of Theorem 1.1.2 of 1 to show that Vt^ = in a neighborhood of 
{x' = t' ^0}. 

Proof of Step 1. We will show that the conditions W{x',x',y) = 0, x' > 0, and TZ{0, f)=0 for s < sq, 
imply that W has an extension W satisfying 

(7.7) W g H^'' ((-T, T) X (-T, T); H-^''{dX)) , keN 

and 



(7.8) 



o2 Q 

— + x't'Ah + x't'B{x't', y, —) + C{x't', y)]W^Om n 



dx'dt 



W{x' ,t' ,y) = W{x' ,t\y) if x' > 0, t' > 

W{x',t',y) = if a;' < 0, t' < 0. 

Here we have extended the operators Ah, B and the coefficient C smoothly across {x' = 0} U {t' — 0}. 
It was proved in Lemma [4. II that when / e _L^(X), and T is small, the solution W of H4.23|l satisfies 

W, x'^'D^W, t'^Dt'W e ([0, T] X [0, T] x dX)) , 

[x't'{x' + t')]^Dy^W e ([0,r] X [0,r] x dX), l<j<n. 

We emphasize that, due to the smoothness of /, W is smooth in the region {x' > 0,f' > 0}. 
We will show (jUl) for k = I. For that, let (j) € C°°(9X) and 



(7.10) 



G{x',t' 



W{x',t\y)^{y) dy. 



dX 



Using equation (|4.23() and 1)7.9(1 we deduce that 



(7.11) 



d^W{x',t',y) 
dx'dt' 



e ([0,r] X [0,T];H-\dX)) 
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Differentiating ()4.23f) in x' we have 
(7.12) 



W 



-t'AhW - x't'QW - t'Ahx' — W ~ t'BW - x't'B^W - t'Bx' — W ~ CiW - C—W, 

ox ox' ox 

where Q and Bi are second and first order operators respectively, involving y derivatives only. Using 

ifT^ll we find that 

(7.13) ^''^^^w G ([0,r] X [Q,T]:H-\dX)) . 



dx'^ dt 

Since W{t',t',y) = 0, i' > 0, equation (jOSjl shows that ^ -^W {f , t' , y) = 0, > and thus we can 
write 



92 



dx'dt 



, ds^ dt 



-G{s,t') ds, if i' > x' > 0. 



Therefore 



d d 



77^Gix',t') 



dx' dt 



t' 0.1 



d 



yG{s,t') ds 



< log ( ^ 



d 

ds^ dt 



-G{s,t') 



ds. 



So from (|7.13|l we obtain for T small and ^ < 5, 



Jo 



I-2S 



Jo (1-2^) 



(2 -2^)1 logs I 



1 



1 - 2(5 



dx' dt' < 



d"^ d 



ds dt' < 



,i 52 d 



72^^llL2([0,T]x[0.T];H-2(ax)) 



dx'^ dt 



< 00. 



So 

(7.14) 



d d 



-—GeLmt'>x'>0}), S<-, 



dx' dt 



with uniform bound up to x' = 0. This together with (|7.13|) imply that 



(7.15) 



d f i-y d d 



dx' dt' 



( 7^7^77 ) e ({^' > > 0}; H-\dX)) , , > -. 



Thus the restriction {x'^ -j^-^W) (0, t', y), t' > 0, is well defined for any 7 > i. In particular this shows 
that 



(7.16) 



d 



x' — W){0,t',y)^0, m{0,T)xdX. 



In view of (|7.11|l . the restriction -MjW{0, t' , y) is well defined. 



Recall that in these coordinates, and in terms of the radiation field is given by 

= 0. 



1 1 / dW dW\ 

(7.17) ^-(«'^) = 2i^i^(0'^H^V-^V) 

So ifTTTIl and (|7?TB|) show that 



x'=0 



(7.18) 



d_ 

'dt 



-W{0,t',y)^Q, in (0, T) x 9X 



Again applying the regularity of W given by (|7.11() and using (|7.18() . we have for t' > 0, 
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< 



dt 

and we find that 
(7.19) 

In particular this shows that 

dW 



Q dsdt 



-(s,t') ds 



< 



t' 



5+1 et' 



dsdt 



ds, ^ < 2' 



-i-s 



— it' t') 

dt' ^ ' ' 



< oo, S < 



(7.20) 
We can then write 



dW , , , ^ dW , , , , /■*' d'^W , , , , 

^(x ,^y) = ^(x ,x ,y) + '2^) 
^(x,^y) = ^(a:,x,y) + y^^ ^(x,.,y)d. 



and use H7.2U|I to show that 
(7.21) 



^{x\t\y) and ^{x' ,t' ,y) & {[Q,T]^ [Q,T] H-^{dX)) . 



Therefore W{Q,t',y), t' G [0,T], is weh defined and, by GUJ), W{Q,t',y) = F{y). Since W{x',x',y) = 0, 
and we want to construct a smooth extension to G, we must have 

(7.22) W{Q,t',y)^Q, t' > Q. 

Substituting H7.21|l back in H7.12|l we deduce that 

(7.23) 



Therefore #7^7^/(0, t' , y) is well defined and from (jO^ and ifT^^ 



(7.24) 



AAM.(0,t',,) = 0, t'>0. 



But we need to prove that |2,/_q = on [0, T] . To do this we take the derivative of H4.23|l with respect 
to t'. 



(7.25) 



d d"^ 
'd^W^ 



W 



o Pi Pi 

-x'l^hW - x't'QiW - x'Aht' — W - x'BW - x't'B2W - x'Bt' — W ~ C2W ~ C—W, 

dt' dt' dt' 



where as in (|7.12(l . Qi and B2 are second and first order operators respectively, involving y derivatives 
only. Using (|7^ and ^(TT^ we find that 



(7.26) 



dx' dt 

Therefore ^7^, I^H^, and l^rMji imply that 



M^^eL2([0,T]x[0,T] H-\dX)) 



(7.27) 



d d 



W and — — W^H^{[Q,T]y.%T]-H-\dX)) 
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From (|7:^ and we deduce that (0, t')U'=o is well defined and by f7T^ . |p|(0, t')U'=o = 0. 



By symmetry ^^{x' , 0) = 0. Thus we can write 



dt'^ ^ ' ' ds 9t'2 



dx'^' ' ' Jo dsdx 
and then conclude that 

-^{x',t',y), -^{^',t',y) e L' {[0,T] x [0,T]- H-\dX)) . 

From (fT^ and (fTn)) we have 

(7.28) e i?^ ([0,T] X [0,T];i7-2(ax)) . 

Moreover W = on {x' ^ 0} U {f = 0}. 
Now we write 

As in the proof of ifTT^ we use (|7!^ to show that G{t',t') e C^([0,T]) and, by symmetry, 

f (0,0, = ^,0,0,^0. 
From (fTTTI) ^{0,t',y) G iJ^fO, e]; From this and pT^ we deduce that 

(7.29) _(o,f',2;) = 0, _(a:',0,y) = 0, in [0,T]xdX. 

This and the regularity of W given by 1)7. 28(1 are enough to guarantee that if W{x' , t' , y) is the extension 
of W to (-T, T) X (-T, T) X dX, with = in {x' < 0} U {f < 0}, then it satisfies (O and 

(7.30) W <eH^ ([-T, T] X [-T, T]; . 

To prove (|7.7II we substitute the regularity H7.3U|I back into H4.23|l and iterate following the argument 
above. This also shows that all derivatives of W vanish at {x' = 0} U {t' — 0}. This ends the proof of 
step 1. 

Proof of step 2: We want to show that (|7.7|) and (|7.9II are enough to apply Alinhac's theorem. 
First we make the change of variables 

t' = ji -\- V, x' = ^ — V. 

From (|4.23|l U{u, v, y) = W(p + v, ^jl — v,y) satisfies 

PU = 0, where 
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As in section 4.1 of PP, let 

92 7(7-1) 1 

+ Q and A^L+ ' with 7 > 777- 

a//"' 10 

We could have taken 7 > 70 > 0, but to avoid one more parameter we set 7o = tl)' "^hich is good enough 
for our purposes. Let Fo C dX be a neighborhood j/o G i9X and let Co°°([0, T)^ x (— T, r)^ x Fq) denote 
the set of functions in C^([0, r)^i x (— T, T)^ x Fq) which vanish to infinite order at {/x — 0}. Integration 
by parts gives that for every v £ C^°°{[0,T)^ x {~T,T)^ x Fq), 

(7.31) 

= -273? Lq,.^^, 4) + 4(7' + 7) I Im^'^-mI I' + ll^^ll' + (47^ - 47' - 67) I I' 



-27 . 

Here is the operator obtained by differentiating the coefficients of Q with respect to /i, and ||, || 
denotes the norm in L'^{{-T,T) x {-T,T) x Yq). This is equation 4.11 of [H with a = and a' = 1. 

Hardy's inequality, see for example Lemma 5.3.1 of gives that > Using this 

and applying Cauchy-Schwartz inequality to the last term of H7.31|l gives 

(7.32) \\^i-^L^i-^v\\' > -273? {fiQ,,v, ^i-^v) + 272 \\fi-^v^\\' + (47^ + + 27) . 
The derivate of Q with respect to fj, is 

where h\ denotes the derivative of h in the first variable. Since ft.(0, y) is non-degenerate, then for T small 
enough, 

(7.33) 3? (^iQ^f , < -CllVyf Ip. 

Letting /^'''i' = ly, using H7.32|l and H7.33|l we arrive at the following Carleman estimate for the operator 
L. 

ll/i-^Lu^lP >C7||/i-''V^u;|p+72||^-i(^-7^)^||2+y ||^-2-7^||2^ 

for aU w e C*°°{[0,T)^ x (-T,r), x Yo). 

By the definition of P we have that, for T small, there exists K depending on C, T, but not on 7 such 
that 



-2-7 



w\ 



K\\^^-''Pw\f>^\\^^-''\/yw\\'+J'\\^,-Hp-''w),\\' + J'\\^, 

for all w e Co*°"([0, T)^ x (-T, T), x Fq). 

Let 

x(2/)eCo°°(K"), x(0) = 1, £^ x{y) dy = I and xs{y)^S-"x{^), S > 0, 
and for yo G -^o CC lb, let 

<^e Co°°((-T,T)^ X (-r,r), x Ib), with <^(M,i^,y) = l in (-|,|)m X (-|'|)- X ^0- 
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Let vg — xs 4>U , where as in |25j . *' means that the convolution is taken in the variable y only. In view of 
ifTTI and the fact that all derivatives of vanish at {x' = 0}U{t' = 0}, vs G C(!;°°([0, T)^ x (-T, T)^x Yq), 
for J small enough. Therefore we can apply 17.34|l to vs- Thus 



(7.35) 



Now we want to take the limit of (|7.35|) as (5 ^ 0. First we observe that, since U is supported in /i > \v\ 
and satisfies PU = 0, and (p = 1 near fi = = Q, it follows that /i > on the support of P(j)U. From 
l|7.9|l we have 



(7.36) 

On the other hand we write 

and observe that 
(7.37) 



10 



Pvs^Xs {Pm + [P,Xs*'W 



Equation 2.4.18 and Theorem 2.4.3 of of 25 show that, for u G H'-^iW) and a G C(j"(R"), 

\\a{u*xs) - (au) * xsWh- < C\\u\\hs-i, and 
a{u * xs) - {au} * X5 0, in iJ''(R") as ^ ^ 0. 

Applying this to our case, it follows from (|7.37|l that, if 



([0,T]x[O,T];_ff-i(Yo)) < 



(7.38) ||/.-^(M'-i^')Vj,(0{/)||<(X3, and Wfi-'ifi^ -iy'')(bU\\L2 

then 

lim||Ai-^[P,xi](</'C/)||=0. 

Thus, if (j)U satisfies (|7.38|l for a certain 7 > jlj, it follows from (|7.36() that we can take the limit as 
(5 in H7.35|l and therefore 



(7.39) 



00 > K\\fi-^P(f>uW' > J\\^l-^^y(f>u\\^' + 7^ ^i'\^l'^(f,u) 



+ 7^ 



We know from (|73 that \\[fl{^P - iy2)]2 Vj,(/)f/|| < 00 and that ||0C/|| < 00. Since (j>U is supported in 
M ^ I^Ij have 

So applying H7.39|l with 7 = i we obtain 

Thus we can apply (|7.39|) with 7 = 2. Repeating this argument wc obtain 
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Equation (|7.39|) shows in particular that 

7^ll/^~^~^C^II-L2((_T/2,T/2)x(T,T)xZo) 7^ I IM^''"^'/'^! |l2((-T/2,T/2) x (T,T) x Yq) - 
< 7^llM^''^VC^I|L2((-T,T)x(T,T)xyo) ^ K\\fi.^'* P(j)U\\L'2[(-T,T)x(e,e)xYo) 

Using that ^ > on the support of P(f>U we arrive at 

^-^^ 7^I|C^IIl2((_t/2,T/2)x(-T/2,T/2)xZo) < ^ ^"^^ \\P(f>U\\L^(X-T,T)x{-T,T)xYo)- 

So in particular 

3 ~ f^V 

(7-40) 7 \\U\\l2({-T/2,T/2)x{-T/2,T/2)xZo) < K i— j \\P(I)U\\l2((-T,T)x{-T,T)xYo)- 

By (|7.9|) and the definition of P, the right hand side of H7.40|l is finite. Then letting 7 — > oo gives U = 
in (— T/2,T/2) x (— T/2,T/2) x Zq. Since dX is compact, this argument can be applied to a partition 
of unity consisting of finitely many functions to deduce that there exists e > such that U = in 
(— e, e) X (— e, e) x dX. In particular f{x, y) — ii x < y^. This ends the proof of the Lemma. □ 

To conclude the proof of Theorem l7.1l we need 

o 

Lemma 7.3. // / G Ll^^p{x) and 7?.+ (0,/) is supported in s > sq, with sq << 0, then f is supported 
in X > e^". 

Proof. Let e C^(M) be even, supported in (-1,1), and (ji^s) = e-"0(s/e). Then * 7^+(0,/) is 
supported in s > so — e. Let -01 e 5(K) and V'l.e G iS(R) be the functions obtained from (j) and 0£ by (|7.2|l . 
It follows from Lemma 17?^ that '0i,e(A — \)f is compactly supported. If we prove that V'i,e(A — \)f 
is supported in a; > e*""' then by letting e — > we have proved Lemma [7.31 So we may assume that 

o 

/ e C^{x), and let us say that f{x,y) = for a: < xq- Then H4.3|l . which is due to the finite speed of 
propagation, gives that 



(7.41) V{x',t',y) = if t'<^. 

Moreover we know from Theorem l2.1l that V is smooth up to x' = 0. Since by assumption 1^(0, t' ,y) = 
for t' < to — exp(^), then, as proved above, V extends to a smooth solution to H4.8|l for x' < which 
vanishes in {.t' < 0, t' < to}. 

The principal symbol of P' is given by 1)7. 5|l . so it is easily seen that the level surfaces of {4> = —t' — x'} 
are not characteristic for P'. The Hamiltonian of p', Hpi, was computed in 1)7. 6|l . Then 

p'(0,t',2;,^,T,77) = -Cr, (i7p/0) (0,i',y,^,r,77) = T + C, and 

(i/2,^) (0,t',y,e,T,7y) =t'M0,y,7y), 

and therefore, for t' > 0, 

if p\0,t',y,tT,T^) = {Hp,cj))iO,t',y,^,T,ij)^0, with (C, r, 77) ^ then 
(H^,^) (0,t',y,e,r,77) >0. 

This, according to section 28.4 of implies that the level surfaces of 4> are strongly pseudo-convex with 
respect to P' , as long as t' > 0. So applying Hormander's theorem. Theorem 28.3.4 of jJHlj to H4.8|l and 
the surface {4> — we find that V{x' , t' , y) = near (0, ^/xq, y). Now we can repeat this argument 

to show that V — Q in a, neighborhood of the segment [0,to]. And we can proceed in the same way to 
conclude that in fact V = Q in {{x' ,t' ,y) : Q < x' < < t' < to}- By the symmetry of V, it follows 
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Figure 4. Unique continuation for V. Away from x' —t' — 0, the level surfaces of </> are 
strongly pseudo-convex. 



that V = Q va {{x' ,t' : < t' < ^/xq, < x' < to}, see figure 0] This is the point where we use that 
the initial data is (0, /). 

Now going back to the variables {x,t,y) which are given by a; = x't' , t — \ogt' — log a;', this implies 
that the solution u{x,t,y) of H2.5|l with initial data (0,/) satisfies 

(7.42) u{x,t,y)~0 for {{x,t,y) : < x < xq, logxg — sq < t < sq ~ \ogxo}- 

One particular case of Tataru's theorem ^U], see also |27[ 1461 HTl I50| . states that if u{t,z) is in H^^^ 
and satisfies 

u{t, z)^0 - T < t < T, and d{z, zq) < S, S > 0, 
where zq) is the distance between z and zq with respect to the metric g, then 

(7.43) u(i,z) = for |<| +d(z,zo) < T. 

We then deduce from (|7.42l) and H7.43|l that u{0, z) = Dtu(Q, z) = on the set of points z — {x, y) at 
a distance less than sq — logxo from the surface {x — x^}. In these coordinates the distance is given by 
logx — loga;o. So f{x,y) = Dtu{0,x,y) = for log a; < sq- This proves Lemma [731 □ 

8. The Inverse Problem 

We consider the inverse problem of determining the manifold and the metric from the scattering matrix 
A(A), at all energies A G M \ 0. We remark that, as A{\) has a meromorphic continuation to C \ see 
this assumption imphes that ^i(A) = A2{X) for A e C \ |N. 

We are fixing a defining function x of dX for which H2.4() holds near M and using it in H2.3() to define 
yl(A). According to Lemma 2.1 of ^Sj, x is uniquely determined near M by the choice of the conformal 
representative ho = x^g\dx- So to define the scattering matrix we fix a conformal representative /iq. On 
the other hand, we recall from Theorem 1.1 and Corollary 1.1 of |2H1 that A(A), for A fixed, determines 
the conformal representative Hq. So if we say that two asymptotically hyperbolic metrics gi and 52 on X 
have the same scattering matrix, as defined by H2.3() . it is implicit that we are fixing the same conformal 
representative for a;|gj|axi j = li2. 

We will prove 

Theorem 8.1. Let {Xi,gi) and {X2,g2) be asymptotically hyperbolic manifolds which have the same 
boundary dXi = 8X2 = M. Let Xj S C°^{Xj) be a defining function of M — dXj, j = 1,2, for which 
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1)2. 4|) holds, and let Aj{X), j = 1,2, A G M \ 0, be the corresponding scattering matrices defined in (|2.3|) 
in terms of Xj. Suppose that ^i(A) = ^2 (A) for every A G M \ 0. Then there exists a dijfeomorphism 
^' : Xi — > X2, smooth up to M, such that 

(8.1) ^^IdatM and **c,2 = ffi- 

As mentioned in the introduction, the proof is an apphcation of the control method of Behshev 
see also OElEniEISl- We will also use a result, which is an application of this method, and is due to 
Katchalov and Kurylev [^1^ 

First we construct a diffeomorphism between neighborhoods of the boundary that realizes (|8.1|l and 
later show that it can be extended to a diffeomorphism between the two manifolds. 

We recall that Lemma 2.1 of states that fixed a conformal representative /lo there exists a unique 
defining function x-i. in a neighborhood of M for which 1)2.4)) holds. However Xi can be continued to Xi, 
although not uniquely. As explained in the paragraph before Theorem l8.1l it is implicit that we are fixing 
a conformal representative 

(8.2) ^ x\gi\M ^ xlg2\M ■ 

Note that, as observed in the paragraph following the proof Lemma 2.1 of |1^, for e > small, a 
defining function Xi for which ()2.4)) holds near M gives an identification of [0, e) x dM with a collar 
neighborhood Ui^c C Xi of M by 

(8.3) 4-,,, : [0, e) X Af ^ 

where '^i^^[x,y) is the point obtained by flowing the integral curve of V^2g.a;i emanating from y by a; 
units of time. So x is the arc-length along the geodesies normal to the boundary M with respect to the 
metrics xfgi, or the distance from the point {x,y) to M with respect to this metric. We can pick e small 
such that these maps are diffeomorphisms. Then a; is a smooth defining function of Af, 

X : [0, e) X M — > R, x — Xi+ o{xi), and 
(8-4) dx^ h, 

In fact for each y £ M there exists ei{y) > such that for x < ei{y) the distance between {x,y) and 
Af, with respect to the metric x^gi, is equal to x. So extends to a diffeomorphism 

(8.5) : [0,e.(2/)) X A/^X,\r„ 

where is the cut-locus of Xi with respect to x^gi. It is known that the set F^ is a closed subset of 
measure zero and F^ n Af = 0. The number e in 1)8.4)) is less than the smallest of the distances between 
Fj and M. 

We will fix one such function throughout this section and we will prove 

Proposition 8.2. Let {Xi,gi) and (X2,g2) be asymptotically hyperbolic manifolds satisfying the hypothe- 
ses of Theorem \H.l\ Then there exists e > such that in the product decomposition X ~ [0, e) x dX where 
1)8.4)) holds, hi ^ h2. 

The fact that the metrics are equal in these coordinates imply that 
with ^'i^e defined in 1)8.3)) . and therefore 

This gives a diffeomorphism between neighborhoods of the boundary satisfying 1)8.1)) . 
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8.1. Preliminaries. Here we define some spaces that will be useful in the proof of Proposition 

Notice that if m is a solution of H2.5|l with initial data (0, /), then u{t, z) = —u{—t, z), t E M.. Similarly, 
if u is a solution of H2.5|l with initial data (/, 0), then u(t, z) — u(—t, z). t G M. This implies that 

(8.6) 7^+(0,/)(-s,y)=7^_(0,/)(s,y), and 7^+(/, 0)(-s, y) = -7^_(/, 0)(s, y). 

Proposition 8.3. Let {X^g) he an asymptotically hyperbolic manifold and let x he a defining function 
of dX for which holds. For F G L'^{R x dX), let F*{s,y) F{-s,y). Let TZ± denote the radiation 

fields defined with respect to x, and let S — TZ+TZZ^ be the scattering operator. Let 

(8.7) = {F e L^{Rx dX) : F^SF*} and M'' ^ {F e L^{R x dX) : F*^SF}, 
where f and b stand for forward and backward. Then 

(8.8) Mf = {n+iOJ): feLliX)} and = {7^_ (0, /) : / G i^W} 

Proof. We will prove the first equality. The proof of the second one is identical. If F = TZ+{Q, /), then 
according to H8.6|l . F* — TZ-{0,f), and so 

SF* = n+nz^F* = 7^+(o, /) = f. 

Notice also that if F = TZ+{g, 0), then according to H8.6|l . F* = —Tl-{g, 0), and so 

SF* = n+nz^F* = -n+{g,Q) = -f. 

Conversely, let F G L^(M x dX). We know from Theorem 15. II that there exists (/i,/2) G E^^ such that 
F = n+ifij2). Let Fi - 7^+(/l,0) and F^ - 7^+(0,/2). If F = SF*, then 

F = Fi + F2 = SF* + sf;. 

In view of the discussion above, SF2 = F2 and SF* = — Fi. So Fi + F2 = — Fi + F2, and thus Fi = 0. 
By uniqueness, /i = 0. □ 

As ranges of bounded operators, A4-^ and are closed. By Proposition 18.31 and Theorem 15 . 21 thev 
are also defined in terms of the scattering matrix and the space F^(R x dX), which depends on the 
volume element of the metric /i(0, y, dy). However, as discussed above, the scattering matrix determines 
the tensor h{0, x, dy), so Ai^ and are determined by A{X), A G M \ 0. Thus we have 

Corollary 8.4. Let {X,g) be an asymptotically hyperbolic manifold. Let x be a defining function of dX 
for which H2.4|l holds and let TZ± denote the radiation fields defined with respect to x. Then the spaces 
ana defined in are closed subspaces o/L^(M x dX), and so are Hilbert spaces with the inherited 

norm. Moreover, Ai^ and JW' are determined by the scattering matrix ^(A), for aZ/ A G M \ 0. 

We will need 

Lemma 8.5. Let {X,g) be an asymptotically hyperbolic manifold. Let M.^ and M.^ be defined in (|8.7|) . 
For xi G (0, e), we have 

(8.9) 

Mf{xi) = {F^M^, F{s,y)^0 if s < logxi} - {7^+(0, /) : / G L^W, /-O if x<xi}, 

^^''(xl)1^'{FGX^ F(s,y) = if s>-loga;l} = {7^_(0,/) : / G FL(^), / = if x < xj. 

Proof. Finite speed of propagation guarantees that if / G Ll_^{X) and / = in {x < xi}, then F — 
7^+(0,/) G Mf{xi) and F = 7^_(0, /) G M^{xi). On the other hand, if F G Mf{xi), in particular 
F G , and thus by Proposition |H31 F 7^+(0,/) with / G Ll^{X). Since F{s,y) = if s < logxi, it 
follows from Theorem 17. II that / = in x < xi. 
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If F e M^{xi), then F = 7^_(0,5). So F* = n+{0,g) and F* = for s < logxi. Therefore Theorem 
17.11 gives that g = in x < xi. □ 

We emphasize that the proof of Lemma required the fuU power Theorem 17. II and this is where the 
support theorem enters in the study of the inverse problem. 

In what foUows, for F £ A4^ , or F £ A4^, we wiU use, by an abuse of notation, TZ^F — f, and 
n±f = F instead of 7^±^F ^ (0, /) and 7^±(0, /) = F, respectively. 

8.2. The case of no eigenvalues. To better explain our methods, we will first consider the case where 
the manifolds have no eigenvalues. In this particular case, Proposition 18 . 21 is an easy consequence of 



Proposition 8.6. Let gi and g2 be asymptotically hyperbolic metrics satisfying the hypotheses of Theorem 
Moreover assume that Ag. , i — 1,2, have no eigenvalues. Let 'JZj,±, j — 1, 2, denote the corresponding 
forward or backward radiation fields defined in coordinates in which (18. 4|) holds. Then there exists e > 
such that 

\h,\Hx,y)nilF{x,y)^\h2\Hx,y)n2,lF{x,y), (x, e (0, e) x Af, V F e 
(8.10) |/^l|3(a;,y)7^^,^F(a;,^/) = |/l2|^(x,2/)7^2"|F(x,y), (x, y) e (0, e) x Af, y F £ . 

Indeed, suppose Proposition 18.61 has been proved. We will prove Proposition 18. 21 
Proof. Let x be such that (|8.4|l holds. We know that for any F £ M^, 



(8-11) ^-^a?^jn^-"Tj^-^- 

So the first equation in (|8.10|l imphes that for (x, y) £ (0, e) x A/, and any F £ M'', 

\hi\T{x,y)'R^^_F{x,y) = {x,y)'R2^_F{x,y), and 
(8.12) , / „2\ , / „2 



M^{x,y) [ Ag, - !!-\nilF{x,y) = MH^^v) Ug.^'^] n^^Fix^y). 



Set Tl^^_F = f. Since F is arbitrary and the metrics have no eigenvalues, equations (|8.12l) give, in 
particular, 

n^X \hi\^{x,y) 



v/eC„~((0,«)xJl/). 

Therefore the operators on both sides of (|8.13|) are equal. In particular the coefficients of the principal 
parts of Agj are equal to those of Ag^, and hence the tensors hi and /i2 from 1)8. 4|l are equal. This proves 
Proposition lO □ 

We begin the proof of Proposition 18.61 with 

Lemma 8.7. Let {X,g) be an asymptotically hyperbolic manifold such that Ag has no eigenvalues. Let 
X be such that H2.4|) holds in (0, e) x M. For Xi £ (0, e), let V^_^ denote the orthogonal projector 

Vl-.M' ^M\xi), 

and let Xxi be the characteristic function of the set {x > Xi}. Then for every f £ L'^^(X) = L'^{X), 

Vljl-{Q,f) = n.{Q,XxJ) e M\xi). 
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Proof. Since T'^^ is a projector, then for all G E A4''{xi) 

O 

In particular, since L^^(X) = L^(X), then for all g G C^{x) supported in {x > Xi}, 

(7'^^7^_(0,/),7^_(0,5))L^(Mxax) = (/,.g)L^(x). 
On the other hand, by Lemma 18.51 there exists /^.^ e L'^{X) supported in {a; > Xi} such that 
rlji-{Q, /) = 7^_(0, f,^,). Therefore, for all g e C^iX) supported in {x > xi}, 

(7'^^7^_(0,/),7^_(0,5))i2(R>,ax) = {n-{0, U,),n^iO, g)) l^^rxOX) = {f.„9)mx)- 

Thus 

{fxi,g)LHX) ^ {f,g)mx), VgeL^(X) supported in {a; > xi}, 
and so f^^ = XxJ- 

This ends the proof of the Proposition. □ 

Remark 8.8. Since the spaces , Ai'^, Ai^^xi) and A4^{xi) are determined by the scattering matrix, 
so are the projectors Vl^ and V^^ . 

We use this and properties of propagation of singularities for solutions to the wave equation to prove 

Lemma 8.9. Let {X,g) be an asymptotically hyperbolic manifold which has no eigenvalues. Let x be 
a boundary defining function such that ()2.4|l holds. Let TZ± be the radiation fields with respect to x. 
Then, there exists e > 0, such that for any Xi e (0,e/4), any F G A4^, any (j) € C^(K) even, and the 
corresponding ipi be defined by H7.2|l . 

n+nz^ {Vlfi) {s,y) = l-x'l^ w{xi,y) ^^\^^^'^h s ~\ogxi)\ + smoother terms, 
(8.14) ^ 

i/ s < logxi +log4, where G ^ cj) * F, and w = 7^I^G -01 (^A^ - 7^I^F. 

Notice that by (17.3(1 G G M^, and that, according to E,ema,rk \H.fA the left hand side of ()8.14(l is determined 
by the scattering matrix of g. 

Proof. We choose e > so that the maps defined by 1(8. 3|l are diffeomorphisms. That is, the distance 
from r, the cut-locus, to M is greater than e, and take xi < |. From Lemma IH77I we know that 

{o,xx,w) = nz'{r',,G), 

with Xxi being the characteristic function of the set {x > xi}, which is the set of points whose distance 
to M is greater than or equal to xi, and hence 

n+io,xx,w) = n+nz' (v'^.g). 

So we want to analyze TZ-^.{0,XxiW). Recall from the definition of the forward radiation field that 
this amounts to finding the solution u to 1(2.5(1 with initial data {0,XxiUj), then taking v{s,x,y) — 
x~^u{s — log a;, x, y) and restricting ^ to x = 0. We remark that, although this is the definition of the 

o 

forward radiation field for C^(x) data, it follows from the discussion in section[71that this also holds for 
initial data in Ll^^{X) ~ L'^{X), see equations ((7.13(1 and ((7.1t)() . We are concerned with the restriction 
of If to X = 0, so we will only consider the behavior of v for s > logx. 

The initial data XxiW has a conormal singularity at 5* = {s = log }, therefore the wavefront 

set of V will be contained in the flow-out of N*S (1 E, where E is the characteristic variety of P, which 




Figure 5. The singularities of w in s > logx. 



is defined in 14.5|l . The principal symbol oi P is p = — 2^cr — .x^^ — xh{x, y, 77), a is the dual to s. So the 
null bicharacteristics satisfy 

„ „ ^ . . dh ■ ^2 1 dh . dh . 

x^-2a-2x^, s = -24, y^-x—, 4=^ +h + x—, 77 = x—, (7 = 0, 

077 ox oy 

x{Q)=xi, s(0)=loga;i, y(0) = t/q, ^(0) = Co, Vo ^ Vo, cr(0) = ctq, 2(7^ + x^^ + xft.(a;, y, 77) = 0. 
Note that since p = is satisfied for the solutions to this system, and ct = ctq 7^ 0, we must have 

e = i (^-ao±{cTl-x^h)i^ . 

Since we are concerned with the forward singularities, we must have ctq > 0. Then it follows that ^ < 0, 
and thus s is non-decreasing. 

We analyze the singularities that start over N*S ~ {x = Xi, s = logii, 770 = 0}. Using a; as a 
parameter, we find two families of curves 

s = logxi, ?/ = 7/0, C = 0, ri^r]o,a^aa if = 0, and 
s = 21oga; - logxi, ?7 = 7/0, V = Vo, cr = (7o, 4= , if 4o < 0, and 2cro + a;iCo = 0. 

X 

These curves make up the two characteristic surfaces of P emanating from {s = logx, x = xi}, which 
are S"*" = {s = logxi} and = {s = 2 logx — logxi}. So, in s > logx, 7; is singular along and S^. 
See figure 

A bicharacteristic in E+, let us say, starting over (xi, 7/0) will hit M x Af at (logxi, yo), see figureEl On 
the other hand, since s > logx, note that E~ consists of null bicharacteristics which go into the interior 
of X, so they might also intersect the boundary. They could, however, become trapped in the interior 
and not reach M. Take one such curve, 7, starting over (xi, y), y & M, which intersects the boundary at 
another point y' G M, y' ^ y. The projection of 7 onto X is a geodesic with respect to the metric x^g, 
which connects the points {xi,y) and y' £ M and which is orthogonal to {x = xi} at (xi,7/). To reach 
the point y' this geodesic has to pass through the cut-locus T and again reach the surface {x = xi}. Since 
e is less than the distance from T to M and xi < e/4, and along 7, for x < e, t = s — logx = logx — logxi, 
the geodesic reaches F for t > loge — log(e/4) = log 4. Thus it reaches {x = Xi} for t ^ T > log 4. 
Now we analyze the fiow of Hp starting at the point q where 7 intersects {x = xi}. The surface t = T 
becomes s = T + logx and we think of this singularity as starting at {s = T -I- logx, x = xi}. But, as 
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observed above, s is increasing along the part of 7 connecting g to a point over AI. Then this singularity 
will hit the boundary at y' for s > T + log.Ti > log4 + logxi. Hence the singularity of Ti+(0,XxiW) 
at s = logxi comes only from and these can be computed explicitly. Moreover TZ-^-{0,Xxiw) is 
supported in s > logxi and 

n+iO,Xx,w) e C°°((logxi,loga:i+log4) x M) . 

As commonly done in this type of problem, we will find a conormal expansion for v along {s = logxi} 
and {s ~ 2 log a; — logxi}. We will construct 

00 00 
y~^{s,x,y) r^^v+{x,y){e'' - xi)\_ and V~ {s,x,y) {x,y) (x'^ - xie^Y^ , 

that is y"*" and V~ are the asymptotic sums of those series, such that, is supported in a neighborhood 
of (this can be arranged, as in the proof of Borel's lemma), and in the set 

= {logx <s< logxi + log4, 0<x< e/2}, 

PV^ e C^{D,), v{s,x,y) - V+{s,x,y) - V-{s,x,y) G C^{D,), 
where P is defined in H4.5|l . Moreover they satisfy 

V+{logx,x,y) + V-{logx,x,y) G , 

^^■^^^ n N 9V- . _^ , w ,0 ^00 

-g^(^ogx,x,y) + -^(logx,x,y) - X 2 wix^yjix ~ xiy\_ G Cq . 

Once this is accomplished, we then have 

P{v-V+ -V-) e C°°{D,), 
{V-V+- V-) e C^ix), ^ L^,„g, G c^ix). 

Then the energy estimates from section 0] adapted to the case where the right hand side is not equal to 
zero, but is smooth up to M, gives that {v — — V~) |^^q is C°° in (—00, logxi + log 4) x M. 
We have 

(8.16) 

00 OC 

V'^{logx,x,y) + V^{logx,x,y) ~ ^ {v^{x,y) +x^vj'{x,y)) {x - xi)^ ~ ^ Zj{xi,y){x - xiY^, 

with Zj(xi,J/)= -j^g^ i^ti + ^"''^ni) i^l^y) 

k+m—j. fc>0,m>l 



and 



QY+ QY" °° ._ °^ 

-^{s,x,y) + -^(s,x,y) - Yje^v^{x,y)ie'' - xif^^^ - ^jxie'^vj {x,y){x'^ - a;ie^)-^~\ 
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So, in particular, when s = log a;, 

^^{\ogx,x,y) + ^^{logx,x,y) - ^ {jxv^{x,y) - jxix^ vj {x,y)) (x- xi)^"^ - 

OO 

(8.17) ^Mj{xi,y){x-xiy^^, where 

7n+k—j, m>l,A;>0 

Since 

(8.18) x-'iw{x,y){x-xi)\ ,. _ -^^ -q^ (x^^u;) (a;i, y)(a; - xi)^"\ 

we conclude from (|8.16() . H8.17|l and (|8.18() that conditions H8.15|l translate into 
(8.19) 

k+m—j, fc>0,m>l 

TO 9'^ _ 1 d^^^ _n_ 

Mj{xi,y)= 2^ y^{xv+-xix'''v-^){xuy)= / ■ ^n, {x-^w){xuy), jeN. 

m+k=j, m>l,k>0 ' \J ) ■ 

In particular, the terms with j = 1 satisfy 

v^{xi,y) + xiv^{xi,y)^0, and xiv^ {xi,y) - xjv^ {xi,y) ^ x^ ^ w{xi,y). 

Hence 

(8.20) v^{xi,y) ^ -xiv^{xi,y) ^ ^x^ ^w{xi,y). 
Let 

^ d d . d 

^ = ^-2 — — -A— . 

ax as OS 

That is, Q is the part of P that does not have derivatives in s. As discussed above, the singularity of v 
in will not hit the boundary for s G (logxi, logxi +log4). Since we are interested on the singularity 
of 7?.+ (0, Xxi^) at s = logxi, we will restrict our computations to V'^ , but keeping in mind that, at least 
for X < e and s < logxi + log 4, similar computations also hold for . 
Since A and the coefficients of Q do not depend on s, 

PV+{s, X, y) ~ a:i(2^i;+ + Av+){e' - x^)l + 

(8.21) CO / / d \ ( d \ \ 

^ [{3 + [2— + + [23— + 3 A + Qj j (e^ - xr)\ ~ in x < xi. 

Since we want PV^ {s^x^y) e C°° in {x < xi}, all the coefficients in H8.21|) must be equal to zero, and 
so we get the transport equations for w^, 3 — 1,2,..., which are 

2^1 (^2^ + u+(x,y) = 0, x<xi, 

(8.22) and 
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with the initial conditions Vj'{xi, y), j — 1, 2, given by (|8.19|l . 
Since ^-^^,we deduce from and l|On|l that 

(8.23) w+(a;,y) = ii^^Ly^i^ x<xi. 

^ \hV\x,y) 

But 

OO OO 

— F+(s,a::,?/) ~ ^je'v-^{x,y){e' - xx)^^ ^^j^^' " a;i + ?;)(e" - xi)^;^ ~ 

(8.24) 

a;i<(a;, y)(e' - xi)^ + ^ ((j + l)a;ii;+_i (x, y) + y)) (e" - xx)\. 

The highest singularity of 7?.+ (0, Xa;!^') = filax ~ logxi is the highest singularity of ^^^{s, 0, y), 
which is 

(8.25) xi<(0,y)(e--xi)° =l '|^''/f;'^^ x^""^ w{xr.yW - x^)\. 

This gives (|8.14ll and the Lemma is proved. □ 

Now we can finish the proof of Proposition 18. 61 

Proof. We know from Lemma lS^ that there exists e > such that for any cj) G C5"(M) even, and F £ Ai'', 
then 

\hi\^{Q,y) \ 4/ |/i2h(0,y) V 4/ 

where tpi is determined by H7.2() . Now take a sequence (pm such that 0^ * F F in L^(M x dX) as 
TO ^ oo. Then, by the continuity of 7?.^,-, j = 1, 2, 

^Z-i,™ ^Ag^. - ^) '^7--^ ^ ''^7-^ ™ ^^(^j) with respect to Qj. 

Since |/ii|(0,y) = |/i2|(0,y), (|8.10|) holds for the backward radiation field. 
Let F ^ S-'^G = 7^l,_7^^.+G = 7^2,-7^2;+G, then 

\h,\i{x,y)niXG=\h2\Hx,y)n^X^, in (0, e) x c^X 

Since S is unitary and G is arbitrary, therefore H8.10|l holds for the forward radiation field. This ends the 
proof of Proposition 1^21 D 

Since = |/i2| the following is an immediate consequence of Proposition l8.6l 

Proposition 8.10. Let {Xi,gi) and {X2,g2) satisfy the hypotheses of Theorem be such that Ag^. , 
j = 1,2, have no eigenvalues. Then there exists e > such that in coordinates for which (18. 4|) holds, the 
Schwartz kernels of the radiation fields TZj,±{s, y, z), for (s, y) G M x M, z G (0, e) x M, satisfy 

(8.26) 7^l,+ (s,y,z) = 7^2,+ (s,y, z) andni-{s,y,z)^n2-{s,y,z). 

Next we want to show that ^ extends to a global diffeomorphism from Xi to X2 , as claimed in Theorem 
18.11 We could follow the method of see also |3(J[I31) . and construct the diffeomorphism. However 

it is easier to show that one can apply their result to construct 
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Figure 6. The maps ^'j,e, j = 1,2 and their extension to Z. 



Proposition 8.11. /^ISIOU] ) Let {Z,g) be a smooth compact Riemannian manifold with boundary with 
boundary dZ. Let Vj, Vj < Vj+i, j G N, denote the Neumann eigenvalues of the operator Ag, on Z and let 
7j denote the corresponding eigenf unctions. Then (Z, g) is uniquely determined, modulo a diffeomorphism 
that is the identity at dZ, by the collection 

(8.27) Vj and ^j\dz, j (zN\J, where J is a finite subset. 
This result is proved in pr5| for J = and in fMW\ for J ^9. 

So far we have shown that there exists a diffeomorphism ^ of a neighborhood of dX such that 

(8.28) **(ffi|c/i,J=52|c/... near M. 

Observe that Xj^,: = Xj \ Uj^^ are smooth compact manifolds with boundary and their boundaries dXi^f:, 
8X2. e can be identified by the diffeomorphisms with M x {e} = M^, see figure|Sl 

We think of as the boundary of some smooth compact manifold Z. We will prove that the fact that 
the two metrics have the same scattering matrix imply that Ag. in Xi^^, i = 1,2, have the same Neumann 
spectral data in M^, that is, they have the same eigenvalues and the same traces of the eigenfunctions. 
Then Proposition 18. ll| with J = 0, put together with Proposition 18.21 proves Theorem 18. II We should 
also remark that method of proof of Proposition 18 . Ill guarantees that the resulting map is C°° . 

As in 021) we recall that the graph of the Calderon projector of A^^ — — ^ in Xj^^, j — 1,2, 
denoted by Cj^\, is the closed subspace of L'^{M^) x H^i^M^) consisting of (/, g) G L'^{M^) x H^{M^) such 
that there exists u satisfying 

{^g^ - - = in X,,„ J = 1, 2, 

u\m, = f, d^u\M, = g. 

Here di^u denotes the normal derivative of u at M^. We will show that if Ai{X) = A2{X), A e M \ 0, then 
Ci^A = C2.X, A e K \ 0. But the Calderon projector depends continuously on A and so does its graph. 
Thus Cia = C2,A, A e M. 

Since A^^ , j — 1,2, has no point spectrum in L'^{Xj), the operators Ag. — j = 1, 2, are positive in 
Xj. In particular their restriction to Xj ,, are also positive. Therefore A + ^ is in the Neumann spectrum 
of Ag^ in Xj^^, if and only if Cj^\ contains a subspace of pairs of the form {g,0), 5 7^ 0. Therefore, once 
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we prove that Ci^x — C2,\, A G M, then the eigenvalues of the Neumann problem for A^^ in g, and 
the traces of the corresponding eigenfunctions on M^, are equal to the corresponding ones of Ag^ in X2^e- 
Then Proposition lS.llI with J = 0, can be used to prove Theorem l8.ll 

To prove that Ci^x — C2.\, A G M \ 0, we apply the same argument used in the proof of Lemma 3.2, 
chapter 3.8 of jH], see also the proof of Lemma 2.1 of h2^, to show that for any A 7^ 0, the set of functions 
given by 

(8.29) v,{z,X) = j^ E*{^ + ix){z,y)<i>{v), j ^ 1,2, ^&C°°iM), 

where E* is the Eisenstein Function, or Poisson operator, which is the adjoint of the operator Ej defined 
in H6.1()|l . is dense in the set of solutions of 



(8.30) \^A-X'-—ju = in j = 1,2, 

in the Sobolev space H^{Xj,f), for any k >2. 

The dual to H^{Xj_() can be identified with the space of / G H^^{Xj) supported in Xj^^. If such 
/ satisfies {f,v) = for all v given by (|8.29() . then Ej + lA) / = 0. This implies that the function 
h — + iX) f vanishes to infinite order at dX. Notice that / is supported in Xj^^, so h is smooth near 
dX. Then unique continuation, see Theorem 14 of |4L)| . implies that h is supported in Xj ,: and therefore 

/ = ^Ag^. — A^ — h, with h supported in Xj^^. Then {f,u) = for any u satisfying (|8.30|l . 

Since E* + iA) (z, y) is the partial Fourier transform in s of 7lJ^{s, y, z), j = 1, 2, Proposition l8.10l 
implies that for all Vj, j — 1, 2, given by (|8.29() . which we know is smooth in Xj, satisfy vi{z. A) = V2{z, A), 
z = {x, y) G (0, e) x M, A G M \ 0. Therefore their traces and normal derivatives at Mc are equal, and the 
density of this set implies that the same is true for solutions of ()8.30|l . Thus Ci,a = C2,a, A G M \ and 
this proves our claim. 

8.3. The general case. Now we remove the extra assumption on the non-existence of eigenvalues. 
Let {X,g) be an asymptotically hyperbolic manifold. The only poles of the resolvent i?(^ + iX) = 
{Ag — ^ — A^)^^ in {QX < 0} correspond to the finitely many eigenvalues of Ag. Proposition 3.6 of [TC] 
states that if Aq > is such that ^ — -^0 is an eigenvalue of Ag then the scattering matrix has a pole at 
—iXo and its residue is given by 



.31) Res_iAo ^(A) = 



Ha,,, if Ao^N/2, 

nx„-pi, if Xo^iJeN, 



2 ■ 

where pi is a differential operator whose coefficients depend on the tensor h, defined in (|8.4|l . and its 
derivatives at dX, and the Schwartz kernel of Haq is 

N 

(8.32) if(nAo)(y,2/') = 2Ao^(/.°®(/.°(2;,y'), 4>%y) ^ x-'^-^''<i,j{x,y%=o. 

2 o 

Here N is the multiplicity of the eigenvalue — Aq and (pj, 1 < j < N, are the corresponding orthonor- 
malized eigenfunctions. 

If two asymptotically hyperbolic manifolds {Xi,gi) and {X2,g2) have the same scattering matrix 
yli(A) — A2{X) for all A G K \ 0, we know from |2H1 that in coordinates where (|8.4|l is satisfied, all 
derivatives of hi and /12 agree at a; = 0. Therefore the operators pi in H8.31(l are the same. Thus, 
(|8.31|) and H8.32|l . and the meromorphic continuation of the scattering matrix, show that Ag^ and Ag^ 
have the same eigenvalues, with the same multiplicity. Moreover, H8.32|l implies that if 4>j, and ijjj. 
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1 5: i !i -^7 are orthonormal sets of eigenfunctions of Agj^ and Ag^, respectively, corresponding to the 
eigenvalue ^ — Ag, then there exists a constant orthogonal N x N matrix A such that — where 
($0)^ = </'2; '/'at); ^.nd (5"°)^ — ('(/'i , ^'2; •■•) V'at)- redefining one set of eigenfunctions from 

let us say, ^1/ to A^*, where = {^pi,ip2, V'at), we may assume that 

(8.33) 0O(y)=VO(y), j = 1,2, ...,7V. 

We remark that this does not change the orthonormality of the eigenfunctions in X2 because A is or- 
thogonal. Let us denote 

•^j: 1 < j < all the eigenvalues and eigenfunctions of A^j^, 

Aj, ipj, i < j < L, all the eigenvalues and eigenfunctions of Ag^, 

with /ii < /i2 < ■•■ < Ml, and the eigenfunctions 4>j and i/jj chosen to satisfy (|8.33l) . 

When there are eigenfunctions. Lemma |8.7I is no longer valid. To present the correct statement we 
begin with the following lemma, which was suggested and proved by one of the referees. 

Lemma 8.12. Let V be a finite dimensional subspace of a Hilbert space H and let Q be the orthogonal 
projector onto V. Let Pt, t e [0, a], be a strongly continuous family of projections with Pq = Id and 
PtPf ^ Pt if t < t' . Then there exists e e (0,a), and a unique continuous family of bounded operators 
T(t) : H — > V, t Cz [0, e], such that QPt{ld—T{t)) — 0. Moreover, if fm € H is a bounded sequence, then 
there exists a subsequence such that T(t)fm' converges uniformly in [0, e]. 

Proof. As Q{Pt)\v is continuous and Q{Po)\v — Id Iv, there exists e e (0, a) such that QPt : V — > V is 
invertible on V for t G [0, e]. If R{t) is its inverse, then R{t) is continuous for t e [0, e], and 

QPtild-Rit)QPt) = QPt - {QPt)R{t)QPt = 0. 

So we take T{t) — R{t)QPt. Then T{t) is bounded and continuous in t. If T{t) is another solution, 
QPt{T{t) ~ f{t)) = 0, so multiplying by R{t) on the left, we get T{t) - f{t) = 0. 

If fm is a bounded sequence of functions on iJ, then Ptfm is bounded. From the strong continuity of 
Pt, Ptfm is equicontinuous and hence it has a convergent subsequence Ptfm' ■ Thus T{t)fm' = R(t)QPtfm' 
converges. This ends the proof of the lemma. □ 

The application of this lemma that we have in mind is: 

Corollary 8.13. Let {X,g) be an asymptotically hyperbolic manifold and let x be a defining function of 
dX for which (|2.4|l holds. Let V = Lpp{X), be the space spanned by the set of orthonormal eigenfunctions 
of Ag, Q G L'^{X), 1 < j < N. Let xt denote the characteristic function of the set {x > t} and let Ptf — 
Xtf- Then there exists e > 0, and a unique continuous family of bounded operators T(t) : L'^(X) — > V, 
t g [0, e], such that 

(8.35) (xt(/-7^(i)/),Cfe) -0, fc- 1,2,.. .,7V. 

Moreover, any bounded sequence fm G i^(^)j 1^ = 1,2,..., has a subsequence fm' such that T{t){fm') 
converges uniformly in [0, e], j — 1,2, ...,N. In this case the operators R(t) and QPt are given by 

(8.36) i?(t) - (i?(%), R{t)^J={xtC^X3), iQPtff ^ i{XtfXl)AXtf,C2),.:,{XtfXN)). 

When there exist eigenfunctions, Lemma ISTZl has to be replaced by 



(8.34) 
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Lemma 8.14. Let {X,g) be an asymptotically hyperbolic manifold and let {Q : 1 < J < N} denote the 
LP'{X) eigenf unctions of Ag. LetV^^ denote the orthogonal projector 

Vl^ ■.M^^M\xi). 

Let Xt be the characteristic function of the set {x > t}. Then there exists e > such that for every 
Xi e (0,e) and every f G Ll^{X) 

^gg^^ ^',7^_(0,/)=7^_(0,/,J, where 

fxi {x, y) = Xxi {x, y) (Id -T{xi)) f, 

and T{xi) is the family of operators given by Corollarv \H.l!A 

Proof. We follow the proof of Lemma [8.71 We know from Lemma [8.51 that there exists fx^ G Ll^^{X) 
supported in {x > xi} such that 7'^^7?.-(0, /) = 7?.-(0, /xj and that 

{fx, -f,g)=0 for all g G Co°°(l) n LI^{X) supported in{a;i < x}. 
Therefore there exist constants aj{xi), j ~ 1, 2, ...,L, such that 

/ N 

fx, = Xx, / + ^aj(xi)Cj 

V j=i 

Since fx, G Ll^{Xi), it follows that {fxnCk) = 0, 1 < k < N. Then, by uniqueness, Y^^=i'^j{^i)Q — 
—T{xi){f), is the family of operators given by Corollary 18. 131 □ 

If there are eigenvalues, then Lemma [8.91 is replaced by 

Lemma 8.15. Let {X,g) be an asymptotically hyperbolic manifold and let x be a defining function of 
dX such that (|2.4|) holds. Let TZ± be the radiation fields with respect to x. Then there exists e > such 
that for all F £ Ai'', (p E C^(R) even, and ipi defined by (|7.2|l . and any xi E (0, e/4), 

n+nz'{V'x,G) is,y) = 

/o oo^ -X, ^ (Id — T(xi)) w(a;i, w) J-^-L;^— !-^-^(s — logxi)*! + smoother terms, 

(8.38) 2 1 ^ y \ |;,^|i(o,y) ^ ^ 

if s < log xi+ log 4, where G = (/) * F, and wi = TZZ^G = i/ji (^Ag - TZZ^F. 

Here T{xi) is the operator given by Corollarv \8.1!A Notice that by H7.3|l . G — (j) * F E Ai'^, and that the 
left hand side of l|8.38|l is determined by the scattering matrix ^(A). 



Proof. We follow step by step the proof of Lemma 18.91 We know that the eigenfunctions are smooth 
in the interior of the manifold. So the only thing that changes is the singularity of the initial data in 
equation (|8.19|) . The initial data of , which was given by H8.2U|I . must, according to (|8.37|l . be replaced 

by 



v^{xi,y) = ^x^ ^ {IA-T{xi))wi{xi,y). 



□ 



As in the proof of Proposition 18.61 we take a sequence (pm such that 0m * -F ^ in L^(M x M), in 
Lemma |8T5I and we obtain 
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Proposition 8.16. Let {Xj,gj), j — 1,2, be asymptotically hyperbolic manifolds satisfying the hypothe- 
ses of Theorem Let TZj^-, j = 1,2, denote the corresponding backward radiation fields defined in 
coordinates in which (|8.4|l holds. LetTj{t), j = 1,2, be the operators given by Corollarv \8.1Sl Then there 
exists e > such that for any F G Ai^, 

(8.39) \h,\iix,y) ild-Tiix))n^^_F{x,y) = Ih^lHx^y) ild-T2{x))n^'_F{x,y) m (0, e) x M. 

We deduce from and l|HTI|l that for every F e Al^ 

(8.40) 

\hi\i{Id-Ti)nilF{x,y) = \h2\Hld-T2)n^^_Fix,y), {x,y) G (0,e) x M, and 

|/Ji|^(ld-Ti) (^Ag, - ^) 7^^,LF(x,y) = \h2\^{ld~T2) (^A,, - Tl2^_F{x,y), (x,y) € (0,6) x M. 

We will use this to conclude that the tensors hi and ft,2 are equal, and thus prove Proposition 18.21 
This is based on the following lemma, which is a direct consequence of Corollarv l8.13l 

Lemma 8.17. For (5 > 0, let Ks be the characteristic function of {x < S}. Then there exists e > such 
that for every S G (0, e), the operators Tj, j = 1,2, defined by Corollaru \8.13\ satisfy 

KsTj : L^iXj) L^[0, S] x M), j = 1, 2, 

where L^ is defined with respect to the metric gj, and moreover are compact. 

We can then prove Proposition 18. 21 

Proof. We just need to observe that it follows from ()8.40|l and Lemma IS .171 that for e > small, 
(8.41) 

K^\hi\Tni'^_F{x,y) ^ K,\h2\in2^_F{x,y) + K,RF{x,y), R compact, and 
K,\hi\^ (^Ag, -^^7^^,^F(a:,y) = if,|/^2|^ (^^g^ ~'^^Tl2%F{x,y) + K,SF{x,y), 5 compact. 
Let 5 e (0, e) and set TZi^_F = f. We find that for all / e L^j.(Xi), with respect to gi, 

(8.42) Ks\h2\i (^Ag, - ^/ = Ks\hi\-^ (^Ag, - '^^f + KsSf, S compact. 

Let Q be the differential operator 

Since any / e i^(Xi), with respect to gi, can be written as / = Pac/ + it follows from 

ijO^l) that 

N N 

KsQf = KsQV^J + J2{f, cpj)KsQcj)j = KsSV^J + ^(/, ^j)KsQ<j>,, f G L^{Xi). 

The first term of the sum is compact because S is, and the second term is of finite rank. Therefore 
KsQ : L^(Xi) — > H^^{[Q,S] x M) is compact. But Q is also a second order differential operator. This 
implies that KgQ = 0. See for example exercise 6.2 on page 52 of Therefore the tensors hi and /12 
are equal in [0, 5] x M, and this proves Proposition l8.2l □ 
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Now we need to show that the diffeomorphism can be extended to the whole manifold. We will use 
the same method as in the case of no eigenvalues. We have shown that Agj^ — Ag^ in coordinates H8.4|l 
in (0,e) X M. Using H8.33|l and the equation satisfied by the eigenfunctions, it can be shown that (|8.33() 
is satisfied to infinite order, that is all derivatives of the "rescaled eigenfunctions" agree at {x = 0}. 
Therefore unique continuation for this type of operators, see Theorem 14 of shows that there exists 
e > 0, such that the eigenfunctions of Ag^ and those of Ag^ are equal in [0, e) x M. That is 

(8.43) c^j{x,y)^ijj{x,y), 1 < j < L, {x,y) e [0,e) x M. 

We deduce from the first equation in H8.40|l that the Schwartz kernels T^ji (s, y, z), (s, y) eRx M and 

z = (x, y') e (0, e) X M satisfy 

(8.44) (/ - Tl)7^^,L(.s, y, z) = {I - T2)n^'-_{.% y, z). 

Since Tj, j = 1, 2, is a linear operator, we may take Fourier transform in s of 18.44|l and deduce that 
the Schwartz kernels E*{^ + iA)(z, y), j = 1, 2, (A, j/) S R \ x M, and z = {x, y') e (0, e) x M satisfy 

TL Ti 

(8.45) (/ - T^)El{- + zA)(z, y) = (/ - T2)E;{- + a)(z, y). 
We will use this to prove 

Proposition 8.18. There exists e > such that for every A G M \ 0, y G and z — (a;, y') G (0, e) x Af, 

TI 71 

(8.46) EU^+^X){z,y)^E;{-+^X){z,y). 

Proof. Let </) G C°°(M) and let Vj{z,X), j = 1,2, be the functions given by l|8.29|l . We wiU show that 
there exists e > such that for S G (0, e), there exists A = A{d) > such that 

(8.47) viiS,y',X)^V2{6,y',X), y y' eM, and |A| > A. 

Since by the analytic continuation of Ej{^ + iX), A G M\ 0, Vj{z, A), j — 1, 2, is real analytic in A G M\ 0, 
for each z, it follows that (|8.47|) holds for every A G M \ 0. Since 5 is arbitrary, (|8.46|) follows. 
Equation (|8.45|) implies that 

(8.48) vi{z,X)-V2iz,X) = TiVi{z,X)-T2V2{z,X), z = ix,y') e {0,e) x M, A G M \ 0. 
Let us denote 

'^{x,y) = {(l)i{x,y), ...,(l)L{x,y)), ■^{x,y) = {■ipi{x,y), ...,ipL{x,y)), 

L L 

TiVi{z,X) ^^Cj{x,X)(l)j{x,y), T2V2{z,X) = ^Cj{x,X)^pj{x,y), 

where, by eauation l8.36l 

C^x, A) "^^^^ CHx, Vj(z, A)) = [RHx)] F^{x, A), j = 1, 2, where 
F\x, Xf F\x, Vi{z, X)f = {{x.v^iz, A), {x.vi{z, A), (/-i)), 

F'{x, Xf F\x, V2{z, X)f = {{x.V2{z, A), V^i), {x.V2iz, A), ^i)) 
R\x) ^ (Rl^ix)), Rl{x) = {x.4>oAo), R^{x)^{Rl{x)), R^x) = {x.i^,,^,) , 
We know that (0^, (j)j) — {ipi, ipj) — Sij , we also know that if x < e, then (1 — Xx)4'i = (1 ^ Xx)i^i- But, 

{Xx<l>i, (f)]) = {(t>i,(l)j) - ((1 - Xx)<l)t,<Pj) = {(t>t,<Pj) - ((1 - Xx)(j)i, (1 - Xx)(j)]) = 

(V'i,'0j) - ((1 - Xx)^i, (1 - Xx)^]) = {ipt,ipj) - ((1 - Xx)-ipi,i^j) = {xxipt,ipj)- 
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Hence 

(8.49) R]^{x) = {x.^^,(|>,) = RUx) = (x.^»,^,). 

We denote R{x) — B}{x) ~ R^{x). We can pick e small so that R^^{x) is uniformly boimded for x E [0, e]. 
Recall that Hi = is the eigenvalue corresponding to as defined in 



divergence theorem gives 



{xsvi{z,X),(t)j{z)) = —{xsvi{z,X),l^g,4)j{z)) 



1 „2 I 

— {-r + ^^)ixsVi{z,X),(j)j{z)) + — 



For (5 < e, the 



Doing the same computation for {x&V2,ipj) , using that /^j = ^ 

1 



and H8.43|l . we obtain 



{X5Vi{z,\),(j)j{z)) = - 



(8.50) 



A| + A2 



(X5W2(^;, A),'i/;i(2;)) 



1 



A^^ + A^ 



M 



M 



dvi 



«i('5,y,A)-^((5,2/) - —{S,y,X)(j)j{S,y) 
v,{6,y,X)^{5,y)-^{6,y,X)MS,y) 



Sn-i dy, 



We conclude from 



that there exists Kq{5) > 0, such that 



.51) \F\5,X)~F\5,X)\< 



sup|t;i((5, y, A) - U2((5, y, A)| + sup 



M 



M 



— [d,y,X) - —[S,y,X) 



This and H8.49|l imply that there exists Ki{S) > 0, such that 



A2 



.52) 



Setting X — S in 
(8.53) 

snp\vi{6,y,X) - V2{S,y,X)\ < 

M 



sup|Ti'yi((5,y,A)-T2W2((5,2/, A)| < 

M 



sup|wi((5, y, A) - W2((5,y, A)| + sup 

A/ M 



— (<5,y,A)-— (<5,y,A) 



and using 
A2 



we get 



snp\vi{S,y,X) - v2{S,y,X)\ + sup\ — {6,y, X) - —{6,y,X)\ 

M M OX Ox 



To estimate the terms involving ^-{S,y, A), we differentiate (|8.48ll in x. We get that 
(8.54) 



Since $ for a; < e, we have TjVj{x,y, X) — R ^{x)F^{x, A) . $(x,y), and thus 



(8.55) n . 



^TjVj{x,y,X) = 



(x,X)-<i>{x,y)+ R-^x)^F^ (x, A) • y) + R-\x)F^ (x, A) • ^ (x, y) . 



The first and the third terms are much like TjVj{z, X), and because of H8.51|l . satisfy an estimate like 
The second term has to be considered separately. Notice that 

T 



-^iXxVj,(l)l),...-^{XxVj,(j)L) ) , 



and 



^ {XxVj ,4'k)\,j:=s = - j^^ ^)<Pk {S, y, X)y/h{S, y, A)dy. 
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Then 

■56) ^i{XxVi,(j}k) - {XxV2,(t)k)) \^=s ^ ^-^^ I {'Vi{5,y,\)-V2{5,y,\))(j)k{5,y,\)\/h{5,y,\)dy. 
Then there exists K2{5) such that 



M 



.57) 



±F\5A)~^F\5A) 
dx ax 



< ^^^sup\vi{S,y,X) -V2{5,y,X)\. 



So from (|8.51|l . (|8.54|) . H8.55|l and H8.57|l we find that there exists K3{S) such that 
(8.58) 



,dvi dv2 ,„ ... ^ K^iS) 



sup|t)i((5,2/, A) - W2((5,y,A)| + sup y, A) - ^((5,?/,A)| 

M M OX dx 



So we conclude from 18.5311 and (18.581) that 



sup|ui((5,2/, A) -v2{S,y,X)\ + sup |^((5, A) - ^{5,y,X)\ < 

M M ox Ox 



snp\vi{S,y,X) - V2{S,y,X)\ + sup |^((5, y, A) - ^{S,y,X)\ 
M M OX dx 



A2 

Taking > Ki{d) + K3{d), equation (|8.47|) foUows. This ends the proof of the Proposition. □ 

As in the case of no eigenvalues, this can be used to show that the graphs of the Calderon projectors 

satisfy Ci^\ = C2.X, A e K \ and by continuity of Cj^\, if A € R. However, in this case, the operators 

2 

Ag^ — j — 1,2, are not positive, and this only determines the Neumann eigenvalues, and the traces 
of the corresponding eigenfunctions, of A^^ for eigenvalues > But since the set J — {j '■ I'j < ^} 
is finite, we may again apply Proposition 18. Ill this time with J 7^ 0. 

Observe that for S < e fixed, (|8.47|) . and the density of Vj{X,z), j — 1,2, imply that Ci^\ — C2,\, 
X^ > h? in Xj^s. This gives the spectral data with eigenvalues Vj > A and we could apply Proposition 
I8.11l alreadv at this stage. 

Then Proposition 18.111 combined Proposition 18.21 proves Theorem 18.11 Again, we remark that the 
method of proof of Proposition 18 . 1 II guarantees that the map is C°°. 
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